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Chapter 1 A 


Introduction SA 


This book focuses on control problems for conservation laws, i.e., equations of the 
type: 


du + ôx fU) =0 ur +(f))x =0, (1.1) 


where u : R* x R — R” is the vector of conserved quantities and f : R” > R” is 
the flux. Most results will be given for the scalar case (n = 1), but we will present 
few results valid in the general case. 

We consider four types of control problems and use w to denote the control 
variables. Namely: 


e Boundary control: We restrict (1.1) to x € [a,b] and control the boundary 
values: u(t, a) = wa (t), u(t, b) = œp (t). 

¢ Decentralized control: We consider (1.1) on a network and control distribution 
parameters at nodes. 

e Distributed control: We assume to control some parameters defining the flux, 
thus f = f (u, œ). 

e Lagrangian control: We assume the flux depends on the position of N controlled 
particles, f = f (u, y), y = (1,---, YN) and yj = aj. 


The interest in conservation laws and their control is motivated by a large and 
diverse collection of applications. While classical fluid dynamic problems (also 
covering different areas) motivated research since more than hundred years, a new 
set of applications motivated recent interests. Many of the latter include problems 
formulated on networks, which are represented by topological graphs [142]. Among 
many, let us mention the following: vehicular traffic, water canals, supply chains, air 
traffic control, data networks, and service networks (gas, water, electricity, etc.). 

We give particular attention to vehicular traffic modeling. Classical control 
problems in this domain correspond to traffic regulation at fixed locations (such 
as traffic lights, traffic signals, pay tolls, etc.), while the advent of autonomy 
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and communication has opened the possibility of more distributed and ubiquitous 
controls. More precisely, boundary controls correspond to entrance points and tolls 
and decentralized controls to traffic signals at junctions. On the other side, variable 
speed limit gives rise to distributed control and use of autonomy and communication 
to Lagrangian control problems. Summarizing, vehicular traffic presents potential 
applications for controls in all the four categories mentioned above. It is well known 
that conservation laws are strictly connected to Hamilton-Jacobi equations, thus 
we include a chapter on control of the latter. Also in this case, vehicular traffic 
applications were among the strongest motivation for researchers. 

Many books have been devoted to conservation laws and to their control. Let us 
mentions the following by categories: 
General theory of conservation laws: [51, 99, 213, 236, 251, 252]; 
Control problems for hyperbolic equations: [32, 103]; 
Hyperbolic equations on networks: [103, 233]; 
Hamilton-Jacobi equations: [27, 126, 225]; 
Modeling of vehicular traffic: [139, 142, 230]. 


The book can be used for a one semester course at graduate or advanced 
undergraduate level. The undergraduate students should have been previously 
exposed to Partial Differential Equations. However, since most of the materials 
are based on conservation laws, we included Appendix A dealing with the general 
theory of initial-boundary values problems for balance laws (i.e., including possible 
of source terms). Readers which are not expert in conservation laws may also 
want to use as references the textbooks: [51, 99, 251, 252]; On the other side, the 
theory of conservation laws on networks, i.e., topological graphs, was more recently 
developed, thus we included Appendix B illustrating the main concepts. The latter 
are then thoroughly investigated in Chap. 3 to deal with control problems. There are 
at least three possible course design: 


1. Traffic modeling using control of conservation laws. This course would be 
for investigators more interested in the applications to traffic. Course material: 
Chap. 1, Appendix B, Chap. 2 (Sects. 2.1, 2.3.2, 2.3.4, 2.4), Chap. 3 (Sects. 3.1, 
3.3, 3.4, 3.6), Chap. 4 (Sects. 4.2-4.4), Chap. 5. 

2. Mathematical control theory for balance laws. This is for researchers more 
interested in the mathematical aspects of control. Course material: Chap. 1, 
Appendix A, Chap. 2 (Sects. 2.1-2.3), Chap. 3 (Sects. 3.1-3.2), Chap. 4 
(Sect. 4.1), Chap. 5 (Sects. 5.1-5.3), Chap. 6. 

3. Conservation laws on networks and control problems. This is for researchers 
interested in the general theory of conservation laws on networks and their 
application. Course material: Chap. 1, Appendix A, Appendix B, Chaps. 2, 3 
(Sects. 3.1-3.5), Chap. 4 (Sects. 4.14.2), Chap. 6. 


The book is organized as follows. 
Chapter 2 deals with boundary control problems. We first briefly summarize results 
for the case of solutions with no shocks (Sect. 2.2). Then illustrate general results 
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for attainable sets (Sect. 2.3), Lyapunov techniques for the scalar case with two 
boundaries (Sect. 2.4), finally mixed PDE-ODE systems (Sect. 2.5). 

Chapter 3 is focused on decentralized controls. These controls act, for instance, 
at nodes of a network by regulating fluxes. A perfect example is that of traffic 
lights, ramp metering, and pay tolls. The control problem is formulated in terms 
of the Riemann solver at nodes (Sect. 3.2), then focusing on signalized junctions 
(Sect. 3.3), freeway control (Sect. 3.4), and inflow control (Sect. 3.5). We also 
consider the optimization of travel times and emergency management on networks 
(Sect. 3.6). 

Chapter 4 considers distributed control for conservation laws. The stability of 
Riemann solvers is a key ingredient to deal with control problems (Sect. 4.1). Our 
main application is variable speed limit, with results on general control problems 
(Sect. 4.2), discrete optimization (Sect. 4.3), and systems of equations (Sect. 4.4). 
Chapter 5 illustrates Lagrangian control problems. First we introduce coupled ODE- 
PDE models for moving bottlenecks (Sect. 5.2) and then we develop numerical 
methods (Sect. 5.3). Applications to traffic management are illustrated both numer- 
ically and experimentally (Sect. 5.4). 

Chapter 6 explores relations between conservation laws, Hamilton-Jacobi equations, 
and their control. First strong solutions are considered (Sect. 6.2), then generalized 
ones (Sect. 6.3). General optimization problems are then discussed (Sect. 6.4). 
Appendix A provides a brief introduction to initial and boundary value problems for 
conservation and balance laws, while Appendix B focuses on conservation laws on 
networks to model traffic. 

The authors wish to thank J.-M. Coron for encouragement during the whole 

writing process. They are also thankful to Amaury Hayat for contributing to the 
second chapter and to Alexander Keimer and Christian Claudel for contributing to 
the sixth chapter. 
This work was supported by the following funding: National Science Foundation 
Cyber-Physical Systems Synergy Grant No. CNS-1837481 and the endowment of 
the Joseph and Loretta Lopez Chair (B.P.); the Liao-Cho Chair (A.B.). The authors 
are also thankful to their families for the continuing support and patience during the 
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Chapter 2 A 
Boundary Control of Conservation Laws wss | 
Exhibiting Shocks 


2.1 Introduction 


This chapter focuses on control of systems of conservation laws with boundary data. 
Problems with one or two boundaries are considered and, in particular, we focus on 
cases where shocks may be developed by the solution. However, for completeness 
we briefly discuss in Sect. 2.2 other existing results where singularities are prevented 
via suitable feedback controls such as in [32]. 

More precisely, let us consider the system of conservation laws 


ju + dx f(u) = 0, (2.1) 


where the unknown u is defined in the set D = {(t,x)|t > Oanda <x < b}, 
a € Rand bd e RU {+00}, and has values on Q C R”, with n > 1. The 
flux function f : Q — R” is assumed to be smooth (infinitely differentiable) 
and each characteristic field to be genuinely nonlinear or linearly degenerate 
(see Definition 45 in Appendix A). The initial-boundary value problem (IBVP) 
for (2.1) with initial condition ug : (a,b) œ> Q, and boundary controls wa, wp : 
Rt > Q, reads 


oru + 0, f (u) = 0, (2.2) 
u(0, x) = uo(x), (2.3) 
u(t, a) = walt), u(t, b) = wp(t). (2.4) 


For basic theory and well-posedness results for system (2.2)-(2.4), we refer the 
reader to Appendix A.8. 
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2.2 Boundary Controls for Smooth Solutions Co-authored by 
Amaury Hayat 


Many previous studies exist on boundary control of conservation laws for regular 
solutions, not presenting shocks. The problem of finding a boundary control to 
stabilize a steady state of nonlinear conservations laws goes back to [255] and [158]. 
In the latter, J. Greenberg and T. Li are studying carefully the C! solutions along the 
characteristics of two coupled conservation laws. These results were later extended 
for a general system of conservation laws in [220] and by T.-H. Qin in [245]. They 
consider strictly hyperbolic systems of the form (2.1) where all the eigenvalues of 
Df (Q) are non-vanishing and where the boundary controls are output feedbacks, 
meaning that they depend only on the output information of the system. Under 
the assumption that the solution is of class C! it can be assumed without loss of 
generality that all the eigenvalues of Df (0) are positive and the output feedbacks 
take the generic form 


u(t,a) = G(u(t, b)), (2.5) 
where G is the feedback function, also assumed to be C!. The result they show is 


the following 


Theorem 1 The system (2.1) with boundary condition (2.5) is (locally) exponen- 
tially stable for the C! norm provided 


Poo(G'(0)) = 1. (2.6) 


Here the quantity p% is defined by 
pp(M) = min [iamai AE Dr) , for p € N* U {+00}, (2.7) 


where De denotes the space of diagonal matrix with positive coefficients and || Mp 
refers to the matrix norm supg egn || ME || p/||§ Ilp. Condition (2.6) is only sufficient, 
and there is a gap between this condition and the stability condition of the associated 
linear system. For the latter, a necessary and sufficient condition for an exponential 
stability robust with changes in the propagation speed was shown to be (see [164, 
Theorem 6.1]) 


po(G'(0)) < 1, where (2.8) 
po(G' (0)) = max{p(diag(e™!, ... , e!")G’(0)) : 6 € R}. (2.9) 


Here p(M) denotes the spectral radius of M, for M € M,,(R), and exponential 
stability robust with changes in the propagation speed mean that there exists £ > 0 
such that, for any Df (0) satisfying |Df (0) — Df (0)| < £, the system 
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du + Df (0)d,u = 0, (2.10) 


with boundary conditions (2.5) is exponentially stable. Besides, pọ < pœ and the 
two quantities do not coincide in general. Other studies using a Lyapunov approach 
recovered later the same stabilization result in the C! norm but also extended it to 
the H? norms for q > 2 and to various settings [32, 87, 88, 90, 110]. In particular 


Theorem 2 The system (2.1) with boundary condition (2.5) is exponentially stable 
in the H* norm if 


p2(G'(0)) < 1. (2.11) 


This is interesting as 02(G’(0)) # foo(G’(0)) in general, but also p2(G’(0)) = 
po(G'(0)) as long as n < 5 (see [88]). To show these results, they use Lyapunov 
function candidates of the form of weighted norms of the solution and its time 
derivatives! 


@ pp n 1/2p 
Wp. q(t) = (>/ XO pP (Of ui(t, x) P e?r a) dx. (2.12) 
k=0°4 


i=l 


For the H? norm, one can directly use W1, 2, as this Lyapunov function candidate 
is directly equivalent to the H? norm. For the C! norm, one has first to find some 
estimates on Wp, that have to be uniform on p provided that p is large enough. 
Then by letting p go to +00 one recovers a quantity equivalent to the C! norm. In 
both cases, the question of the stabilization reduces to finding a sufficient condition 
on the coefficients p; and u such that the Lyapunov function candidate decreases 
exponentially along the solutions of the system and in a distributional sense. 
Theorem 2 was later extended by J.-M. Coron and H.-M. Nguyen to the W2? 
norm with pp instead of p2 in the sufficient condition (2.11), by using a time delay 
approach [93]. But, more importantly, they showed that specifying the norm is not 
superfluous: a nonlinear system could be exponentially stable in the H? norm and 
not exponentially stable in the C! norm. More precisely, they showed the following 


Theorem 3 Letn > 2 and t > Q, there exists f €e C™(R"; R”) such that Df (u) 
is diagonal and Df (0) has distinct positive eigenvalues, and a linear feedback G : 
R” — R” such that 


' Actually, as we are considering solutions of the conservation laws (2.1), the Lyapunov function 
candidates can be expressed only as a function of the solution and its space derivatives. The 
expression is then more complicated but it illustrates that the Lyapunov function can be seen as 
a functional on functions of one variable, just like the C! or H? norm. 
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Poo(G'(0)) < 1+ 7, 


(2.13) 
p2(G'(0)) = po(G'(0)) < 1, 


and the system (2.1), (2.5) is not exponentially stable in the C! norm. 


This result implies that for conservations laws, in contrast with finite-dimensional 
systems, the stability of the linearized system does not necessarily imply the 
stability of the nonlinear system. This explains the gap between the linear condition 
po(G'(0)) < 1 and (2.6). It can further be showed that one always have o2(G’(0)) < 
Poo(G’(0)). This, and the simpler expression of the Lyapunov function for the 
H? norm compared to the C! norm, explains that several particular systems of 
conservation laws were studied in the H? (or HP) norm framework (see, e.g., [33, 
120, 162, 171]). More practical controllers, like proportional integral controllers, 
where also considered, for instance, in [269], or in [92]. In the latter, the authors 
apply such controller to a scalar conservation law. They obtain a necessary and 
sufficient stability condition by extracting from the solution the part that limits the 
stability, using a suitable projector. Then, they conclude by studying carefully this 
projection, while using a Lyapunov function for the remaining part of the solution. 

For balance laws, the previous results can be generalized but the situation 
is intrinsically more complex. Indeed, the steady states to be stabilized are not 
necessarily uniform, and the source term can strongly couple the equations: even 
the linearized system cannot anymore be written as independent equations where 
the coupling only comes from the boundary. To deal with this issue, in [32, Chapter 
6] and in [170], the authors used Lyapunov functions similar to (2.12) but where 
the coefficients p; are now replaced by space-dependent weights fj (x). A boundary 
condition similar to (2.6) or (2.11) appears but it turns out that another condition, 
independent of the boundary control and intrinsic to the system, also appears. 

It is worth mentioning that more general controls were proposed for balance laws 
in order to solve the issues related to the source term. One can cite, for instance, the 
backstepping approach. Taking its name from a method used on finite-dimensional 
systems, the backstepping approach was adapted to PDEs in [89] and then modified 
in [25, 46, 197]. It consists in finding an invertible application to map the balance 
laws to a simpler system, usually conservation laws without source term. Then, it is 
possible to deduce a control for the balance laws by finding a control on the simpler 
system and using this invertible application. The consequence of such strategy is that 
the control is often a full-state feedback. This method was first used for hyperbolic 
system in [118, 180, 196] by applying a Volterra transform of the second kind, 
namely a transform of the following form 


(u(t, x)) H> (we. x)— f K (x, y)u(t, y) ay) ; (2.14) 


In all the above cases, however, the boundary control ensures that the solution 
will remain of class C! or HÊ, provided the initial data is itself C! or H?. So, 
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shocks can never form. When one wants to deal with solution including shocks 
or discontinuous initial data, none of these results can be applied and much less is 
known. One can cite [35] where the authors aim at stabilizing a shock steady state 
for a scalar equation, from an initial data with a single shock and regular otherwise. 
To do so, the authors consider the solution with shock as two regular functions, 
one before the shock and one after the shock, coupled with each other by the 
boundary conditions and the dynamics of the shock given by the Rankine—Hugoniot 
conditions. The problem becomes equivalent to two conservations laws coupled 
with an ODE and the goal is to stabilize at the same time both the conservations 
laws and the ODE, and this is done defining a kind of hybrid Lyapunov function. The 
sufficient stability condition they obtain is an analogous of (2.11). Also, in [241] the 
author deals with discontinuous solutions in the BV class. This approach is closer 
to the one presented in this book, and the results is quite powerful, but it requires 
not only a boundary control but also an internal control. Finally, in [91] the authors 
aim at stabilizing a null steady state for two coupled conservation laws starting from 
potentially discontinuous solutions. More precisely they show the following 


Theorem 4 Let the system (2.1) be strictly hyperbolic and genuinely nonlinear, 
assume that the velocities are positive, and that G is linear. Assume in addition that 


Pe ae max | [71 (0).G'O)r1 O)| + el2(0).G’(O)r1 (ODI, 


(2.15) 
\12(0).G’O)r2(0)| + a "1l1(0).G' O)r2@)|} f < 1, 


where lı, ly and rı, r2 are respectively the left and right eigenvectors of Df (u) 
corresponding to the eigenvalues à; (u) > 0 and A2(u) > 0. 

Then there exists € > 0, C > O and y > 0 such that for any ug € BV(0, L) with 
lluollBy < £, there exists an entropy solution in L® (0, o0; BV(0, L)) to the system 
(2.1) with initial condition uo and satisfying (2.5) for almost all time, and such that 


lut, )llgy < Ce” |lvolly, for all t > 0. (2.16) 


However, the result has some limitations: there exists a solution which converges 
exponentially in the BV norm, but there are no guarantees on its uniqueness. 
Besides, the velocities have to be positive meaning that Df (u) has to be definite 
positive, which can be assumed without loss of generality when the solutions are 
C!, but restrict the cases when the solutions present shocks. 


2.3 The Attainable Set 


Aim of this section is to characterize the attainable set for the initial-boundary 
valued problem (2.2), (2.3), and (2.4), i.e., the set of the profiles which can be 
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attained at a fixed time T for a fixed initial datum ug € L! (a, b) N L® (a, b). 
More precisely, given two sets Ua, Up C L” (0, T), let us define the attainable set 


A(T, Ua, Up, uo) ={u(T, -): u sol. to (2.2) — —(2.4) with wa € Ua, wp E€ Up}. 
(2.17) 
We remark that conservation laws, in general, generate discontinuities in finite time 
in the solution even if the initial and boundary conditions are smooth. The space of 
bounded variation functions represents the correct setting for solutions. Hence the 
set A(T, Ua, Up, uo) is a subset of BV (a, b). 


2.3.1 The Scalar Case with a Single Control 


In this section, we consider the conservation law (2.1) on the domain D = (0, T) x 
(0, +00), with T > 0 fixed, n = 1, Q = R, a = 0, and b = +00. The flux function 
f is assumed to be smooth (infinitely differentiable) and strictly convex; the strictly 
concave case is entirely similar. The initial-boundary value problem in this situation 
for (2.1) reads 


dru + 0x f (u) = 0, te(0,7), x >0, 
u(0, x) = uo(x), x >0, (2.18) 
u(t, 0) = w(t), t e (0, T), 


with initial condition uo € L! (R+) N L” (R*Ħ), and boundary control œ € 
L® (0, T). The definition of solution to (2.18) is the following one; see also 
Appendix A. 


Definition 1 A solution to (2.18) is a function u € L! (D) such that the following 
conditions hold. 


1. For every k € R and for every ọ € C! (D; R?) 


f [u — 41a, 9 + senu -O (Fa) ~ FO) as e] de dr = 0. 


2. There exists a set € C (0, T) with zero measure such that, for every x > 0, 


lim “epa = f uo(&) dé. 


t—>0,tgE Jo 


3. There exists a set F C (0, +00) with zero measure and two functions Y : R > 
R and u : R? — {—1, 0, 1} such that, for a.e. t € (0, T), 
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t t 
lim i f (u (s, x)) ds = f Y(s)ds, 
0 0 


x>0t, x¢F 


lim _sgn f’ (u (t, x)) = u(t) 
EF 


x—>0t,x 


and, for a.e. t € (0, T), 


e = f (@(t)), if w(t) € {0, 1}, 
TE) > f(@@)), if w(t) = —1. 


In [212], LeFloch proved that there exists a semigroup of solutions for (2.18), which 
satisfy the requirements of Definition 1. Given a set Y C L” (0, T), let us define the 
attainable set (2.17), denoted here by A (T, U, uo) since there is no boundary control 
at b = +00. When the initial datum uo is the null function, then the following 
characterization holds. 


Theorem 5 In the case U = L®(0,T) and up = O, then the attainable set 
A(T, L® (0, T) , 0) is composed by all the functions w € BV (0, +00) satisfying, 
for every x > 0, the following conditions: 


1. if w(x) £0, then f' (w(x)) > =. 


2. if w(x—) # 0 and w(y) = 0 for every y > x, then f' (w(x—)) > F; 
w(x +h) — w(x) 


3. The upper Dini derivative D* w(x) := lim sup aia nis satisfies 
h->0 
/ 
Duwa f (w&)) 
xf" (w(x) 


The proof of Theorem 5, based on the concept of backwards characteristics (see [99, 
Chapter 11] or [98]), was proposed by Ancona and Marson in [12]. 

When dealing with optimal control problems for (2.18), it is important that the 
attainable set is a compact subset of L! (R*). To achieve such a property, one has 
to restrict the set of admissible controls U, as in the following result. 


Theorem 6 Fix N € N\ {0}, J C R+, and define it as the unique point of minimum 
for the flux f. Assume that 


1. G:R* © [ū, +00) is a measurable and uniformly bounded multifunction with 
convex and closed values; 

2. for everyi € {1,---, N}, qi : Rt x R > R is a measurable map, convex with 
respect to the second variable; 

3. for everyi € {1,--- , N}, gi : Rt — Ris a measurable map. 
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Define the control set 


u = fo e L” (0, T): w(t) € G(t) for a.e. t, | 


Io qi (s, f (o(s))) ds < gi (t) Yt € J, Vi € {1,--- , N} 


Then the attainable set A (T, U, 0) is a compact subsets of L! (Rt) with respect the 
strong topology of L! (RĦ). 


For a proof see [12]. 


2.3.2 The Burgers’ Equation with Two Controls 


In this section, we consider the inviscid Burgers’ equation 


u2 
oru + Ox (=) =0 


on the domain D = (0, T) x (a,b), with T > 0 fixed, n = 1, Q = R, anda < b. 
The initial-boundary value problem in this situation reads 


dju+d,f(u)=0, t€(0,T), x €(a,d), 


u(0, x) = uo(x), x € (a,b), 
u(t, d) = a(t), t e (0, T), (a) 
u(t, b) = œp (t), t e (0, T), 


with initial condition uo € BV (a, b), and boundary controls wa, œp € L” (0, T). 
For the definition of solution to (2.19) see Appendix A. For a later use, we define 
the set 6 composed by all the functions w € BV ([a, b]) satisfying the following 
conditions: 


. w(x—) > w(x+) for every x € (a, b); 

. the set {x € (a, b) : w(x—) > w(x+)} is at most countable; 

. for every x € (a, b) such that w(x—) > 0, then w(x) > ir for every x € (a, x); 

. for every x € (a, b) such that w(x+) < 0, then w(x) < a for every x € (x, b); 

. there exists at most one x € (a, b) such that w(x) > 0 for every x € (a, x) and 
w(x) < 0 for every x € (x, b); 

6. for every x € (a,b), point of continuity for w such that w(x) ¥ 0, the upper 


h) — 
Dini derivative D* w(x) := lim sup LOE WO satisfies 
h0 h 


AB WN ke 


rae 


When the initial datum wo is the null function and the final time T > 2 (b — a), 
then the following characterization holds; see [179, Theorem 2.1]. 
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Theorem 7 In the case Ug = Up = L” (0, T), T > 2(b— a), and up = O, then 
the attainable set A(T, Ug, Up, 0) contains the set B. 


The proof is based on the return method introduced by Coron in [84]. 
In the case of a general initial datum uo, then the following theorem holds; 
see [179, Theorem 1.1]. 


Theorem 8 Assume Ua = Up = L” (0,+00) T > 2(b—a), and up € 
BV ([a, b]). Then there exists Te > T, called the time of approximate controllability, 
such that the attainable set A(T, Ua, Up, uo) contains the closure in the L!- 
topology of B. 


2.3.3 Temple Systems on a Bounded Interval 


In this section, we consider the system of conservation law (2.1) on the domain 
D = (0, T) x (a, b), with T > 0 fixed, n > 1, Q C R”, anda < b. We assume 
that the system (2.1) is a strictly hyperbolic system of Temple type; see [265]. The 
initial-boundary value problem in this situation for (2.1) reads 


dru + 0x f (u) = 0, t e (0, T), x€ (a,b), 
u(0, x) = uo(x), x € (a,b), 
u(t, a) = a(t), t e (0, T), 
u(t, b) = œp (t), t e (0, T), 


(2.20) 


with initial condition uo € L! (a, b), and boundary controls wa, œp € L” (0, T). 

Before stating the main result, we need to introduce some notation and assump- 
tion. With à1, ..., Àn we denote the eigenvalues of the Jacobian matrix Df of the 
flux; see Appendix A.l and A.6.2. The strictly hyperbolicity assumption implies 
that 


ài(u1) < àj (u2) 
for every u1, u2 E€ Q and i, j € {1,--- ,n} with i < j. Moreover with z1,--- , Zn 
we denote a set of Riemann coordinates, so that the notation z; (u) stands for the i-th 
Riemann coordinate evaluated at the point u, see Appendix A. 
Given, for every i € {1,--- , n}, the real numbers a; < ĝi, define the compact 
subset of Q 
P= {u € Q : zi (u) € [æ;, Pil, i € {1,--- , n}}. 


In the present setting, we suppose that the admissible controls are 


Ua = Up = L™ (0, T); T) 
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and that the boundary is non-characteristic: 


(NC) there exist p € {1,--- , n} and A™" > 0 such that 
Apu) < AM" < AM < A p41 (u) 


for every u € Q. 


For every r > 0, define the following sets 


Kj= {pet (a,b). r: CUE T aeacx<y< | 


y-x ~x-a’ie{p+l,---,n} 


Ky= {eet (a,b): : ZOME O r aeacx<y< “| 


y-x ~b-y iefl,---,p} 
and 
K” = K} AN K}. (2.21) 


The following result holds; see [11, Theorem 2.4 and Theorem 2.7]. 


Theorem 9 Consider the system (2.20) with initial condition ug € L! ((a, b), T) 
and boundary controls wa € Ua, wp € Up. Assume that (2.20) is a strictly hyperbolic 
Temple system where each characteristic field is genuinely nonlinear and the non- 
characteristic condition (NC) holds. 

Then: 


1. the attainable set A(T,Ug,Up, uo) is a compact subset of L! ((a, b); T), with 
respect to the strong topology; 
2. for every t € (0, T) there exists r > 0 such that 


A (t, Ua, Up, uo) E K” 


for every t > T; 
3. ifT > 4-0 then there exists r > 0 such that 


amin ? 


K" G A(T, Ua, Up, uo). 


2.3.4 General Systems on a Bounded Interval 


In this section, we consider the system of conservation law (2.1) on the domain 
D = (0, +20) x (a,b), with n > 1, Q C R”, anda < b. We assume that the 
system (2.1) is a strictly hyperbolic system. The initial-boundary value problem in 
this situation reads 
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dru + 0, f (u) = 0, t > 0, x € (a,b), 


u(0, x) = uo(x), x € (a,b), 
u(t, a) => W(t), t > 0, (2.22) 
u(t, b) = wp(t), t>0, 


with initial condition uo € L! (a, b), and boundary controls wa, œp € L% (0, +00). 
We assume, similar to Sect. 2.3.3, that the system is strictly hyperbolic, that each 
characteristic field is either genuinely nonlinear or linearly degenerate, and that the 
non-characteristic condition (NC) holds. Few results are available in the present 
setting. In particular, in this part we state a positive result, dealing with asymptotic 
stabilization, a negative result about the local controllability around a constant state, 
and a positive result for the p-system. 


Theorem 10 ([52, Theorem 1]) Fix K, a compact and connected subset of Q. 
There exist positive constants Co, 5, and x such that, for every u* € K, for every 
initial datum ug € L! ((a, b); K) with TV (uo) < 6, and for every t > 0, 


inf [u — u* [yoo iw € A(t, uo, Ua, Up), TV (u) < Coe™ | < Coe". 


The following result gives a negative answer about the exact controllability 
around constant states for a class of 2 x 2 systems, satisfying the following 
conditions: 


Vue Q (2.23) 


| VA, (u)- ry (u) > 0 
Vi2(u) - r2(u) > O 


and 


rılu) Aro(u) < 0 
rj(u) A (Dri (u)ri(u)) < 0 Vu € Q, (2.24) 
r2(u) A (Drz(u)r2(u)) < 0 


where rı and r2 form a basis of right eigenvectors of the Jacobian matrix Df 
(see Appendix A.6.2) and A denotes the wedge product, i.e., if v = (v1, v2) and 
w = (w1, w2), then v A w = viw — v2w1. Note that condition (2.24) implies 
that the interaction of two shocks of the same family generates a shock in the other 
family. 


Theorem 11 ([52, Theorem 2]) Fix n = 2. Assume that (2.22) is a strictly hyper- 
bolic system, genuinely nonlinear, satisfying the non-characteristic condition (NC) 
with p = 1, (2.23) and (2.24). 

Then, for every € > 0, there exists an initial datum ug € L! (a, b) with TV (uo) < 
e such that, for every t > 0, all the elements in A (t, uo, wa, wp) have a countable 
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number of shocks. In particular, the attainable set A (t, uo, ®a, @p) does not contain 
constant states. 


In the case condition (2.24) does not hold, there exist some systems, where 
constant states can be reachable in finite time. For example, the p-system in Eulerian 
or Lagrangian coordinates has such property; see [149, 150]. Indeed consider the 
system 


ərp + Oxg = 0, t>0, x € (a,b), 

dq + Oy (È +p) =0, t >0, x € (a,b), 

(p,q) (0, x) = (po(x), go(x)), x € (a,b), (2.25) 
(p,q) (t, a) = @a(t), t>0, 

(p,q) (t, b) = o (t), t>0, 


where x > Qand 1 < y < 3. For later use, we set 


1 
= 7 yal (2.26) 
2+ ay 
and we denote by w! and w? the pairs of Riemann invariants, i.e., 
q , 2fKY vi q 2/KY yo 
w'(p,q)=—+ p2 w (p,q) = 2- pT. (2.27) 
p yd poet 


The following controllability result holds. 


Theorem 12 ([149, Theorem 1]) Let (po, go), (01,91) be constant states in 
(0, +00) x R. Set A, = à1 (1, q1) and à2 = à2 (01, q1). Then there exist £1 > 0, 
£2, and T > 0, such that for every (po, qo) , (p1, q1) € BV ([a, b]; (0, +20) x R) 


satisfying 


leo — ollLæ(a,b) + Ilgo — gollLæça,b) < £1 TV (00, q0) < £1, 


lei — Allega, b) + lgi — gillroa,b < £2 = TV (p1,q1) < £2, 


and, for everya <x < y < b, 


’ 


w? (pi(x), qi(x)) — w? (pi(y), qg O) -ĉr max {2 -ù Ay Ay | 
l-y’x’ 1-y 


x—y = 2 


w! (pi(x), qi(x)) — w! (pi(y), gO) fy max [> —Ay Wy) *2| 
sa ; 


x—y x ° l-y' x 


where Cy, w!, and w° are defined in (2.26)—(2.27), there is a weak entropy 
admissible solution (p, q) (see Definition 47 in Appendix A.8) to (2.25) in [0, T] x 
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La, b] such that (p, q) (0, x) = (po, Go) (x) and (p, q) (T, x) = (p1, q1) (x) for ae. 
x € [a,b]. 


2.4 Lyapunov Stabilization of Scalar Conservation Laws 
with Two Boundaries 


In this section, we consider stabilization problems for the scalar conservation 
law (2.1) on the domain D = (0, T) x (a, b), with T > 0 fixed, n = 1, Q = R, and 
a < b, which reads 


djut+a,flu)=0, t€(0,T), x € (a,b), 


u(0, x) = uo(x), x € (a,b), (2.28) 
u(t, a) = a(t), t e (0, T), 
u(t, b) = œp (t), t e (0, T), 


with initial condition up € L! (a, b), and boundary data wy, œp € L° (0, T). In this 
section, we assume that the flux f is a strictly convex smooth function such that 


lim f(u) = +00. 
u—>>=xCoO 


The case of concave flux function is entirely similar. We denote with um the unique 
point of minimum for f. 

The interest is stemming out from many applications, in particular from traffic 
flow, where the interval [a,b] represent a stretch of road and the controls are 
possible only at the boundary points, e.g., via controlled access, ramp metering, 
or traffic lights. 


2.4.1 Approximation of Solutions via Piecewise Smooth 
Functions 


Here we approximate BV solutions to (2.28) using a special class of piecewise 
smooth functions, denoted by PWS™. In the next subsections, Lyapunov stability 
analysis for solutions to (2.28) is performed for functions in PWS”. 


Definition 2 We define PWS* as the class of PieceWise Smooth functions v : 
(a, b) —> R such that there exist a finite number of points a = x9 < x1 <-:: < 
xy = b (depending on v) such that 


1. v is bounded and of class C® on the intervals (j-i; xj) for j € {1,..., N}; 
2. v'(x) > 0 for every x € (xj-1, xj) and j € {1,..., N}; 
3. v has only downward jumps, i.e. v(xj;—) > v(xj+) for j € {1,..., N — 1}. 
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We note that every BV solution to (2.28) can be approximated, in the L! topology, 
by a function in the class PWS*. 


Theorem 13 Consider T > 0, a < b, and let ug: (a, b) > R, wa, œp : (0, T) => 
R be functions with bounded total variation. Then, for every € > 0, there exist 
u® € PWS* and piecewise constant boundary data œ, œ; : (0, T) > R with 


[oa -oilionse læ-eluon se 


such that the solutions u and u° to (2.28) respectively with initial-boundary data 
(up, Wa, Wp) and with (us, Wr, wt) satisfy, for every0 <t <T, 


CORO) liran SE. 


It is also interested to note that solutions to (2.28) with initial data in PWS* remain 
in that class, provided the boundary conditions are piecewise constant. 


Theorem 14 Fix T,5 > 0, a < b, and let uy € PWS? and wa, œ : (0, T) œ> R 
be piecewise constant. Then the solution u to (2.28) satisfies u(t) € Pwst for all 
timesO<t <T. 


The proofs of Theorem 13 and of Theorem 14 can be found in [40, Theorem 2 
and Theorem 3]. 


2.4.2 Lyapunov Functional 


Here we introduce a Lyapunov functional to stabilize (2.28) within the class PWS*. 
We fix a constant state u* € Q and for every solution u to (2.28), we consider its 
perturbation around the steady state u*; thus define ñ = u — u*. The aim is to 
stabilize the solution to u*. 

Since the results in Sect. 2.4.1, we assume that u is in PWS* and consider the 
classical Lyapunov function candidate [195, 197]: 


V(t) = 1f a x) dx = fua x) —u*)* dx (2.29) 
2a , 2a : ` ` 


Notice that f ++ u(t, -) is continuous from [0, T] to L! (a, b), and the function 
V(-) is well defined and continuous. We index the jump discontinuities of u(t, -) 
in increasing order of their locations at time t by i = 0,..., N(t), including for 
notational purposes the boundaries a, b, with xo(t) = a and xy (t) = b, and write: 


NOI Axiy) 


Vo=; = T: ii? (t, x) dx. (2.30) 
i=0 “7U 
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From Theorem 14, we know that for all integers i = 0,..., N(t), the function 
u(t,-) is smooth in the domain (x; (t), xj+1(t)). Moreover, the trajectories x;(-) 
are differentiable with speed given by the Rankine—Hugoniot relation; see (A.18). 
Therefore the function V(-) is differentiable at any time except interaction times of 
discontinuities, which is a finite set. More precisely, for every time f such that N (t) 
is locally constant and traces are continuous, differentiating expression (2.30) we 
get: 


| Nox! 


To= P 


ee 


i(t) 


1 ~ dXxj+1 x dxi 
+ 2 2 a xi+1(t)—) -y © -R (t, xi OH To] . 
I= 
We can write 0,47 = 2a; and 0,4 = —0, f (ŭ + u*). Integrating by parts and 


indicating by F a primitive of the flux f, we get: 


dV 
Gp = BG @) FUE, a) + u*) — a(t, b) f (a(t, b) + u*) 


— F(a(t, a) + u*) + F(ù(t, b) + u*) 
N(t)—1 
a 2 A; ( (ù f (ù + u*) — F(ŭ + u” )) (2.31) 


N L 
O7 u(t, xi—) + u(t, xi+) 


5 Ai f Ù +u”), 


i=l 


where A; gives the jump at the i-th discontinuity and we used the Rankine- 
Hugoniot relation to express the speed of i-th discontinuity. Notice that the first 
four terms depend on the boundary trace of the solution, while the last two terms 
depend on the shock dynamics inside the domain. Therefore last two terms are 
not controllable with boundary control, but they have a stabilizing effect on the 
Lyapunov function: 


Proposition 1 Given a fixed state u* € Q and a solution u to (2.28), then the 
following inequality holds: 


N(t)—1 are ai VIEI a 
se [s (if@+u") — FG +0) ii(t, xi se AifGi4 “| <0, 


i=l 


which implies that the jump discontinuity dynamics contributes to the decrease of 
the Lyapunov function (2.29). 
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For a proof, see [40, Proposition 1]. 


Remark I Stability of the jump discontinuity dynamics is implied by the Oleinik 
entropy condition. Thus, for a convex flux, the internal dynamics is strictly 
stabilizing, i.e., we have a strict decrease of the Lyapunov function. 


Remark 2 Possibly except at discontinuity interaction times, the internal dynamics 
is stabilizing letting the Lyapunov function (2.29) decay. This is critical for 
boundary stabilization where the control action has no effect inside the domain. 


Remark 3 At a time t at which the number of discontinuities is not constant or the 
boundary trace is not continuous, the Lyapunov function is not differentiable, how- 
ever, the difference between the right and left derivative at rt and t7, respectively, 
can be computed. This is addressed in Sect. 2.4.4. 


2.4.3. Control Space and Lyapunov Stability 


In this part we introduce control spaces and we show the existence of a boundary 
control such that the functional V in (2.29) is decreasing and the system is Lyapunov 
stable. We first define the control spaces at x = a and at x = b. 


Definition 3 The control space Ca (resp. Cp) is composed by all the couples (uz, ur) 
such that the Riemann problem 

du + dy f(u) =0 

0.x = |" x <0, 


Ur, x>0, 


is solved with waves with non-negative (resp. non positive) speed. 


The control spaces Ca and Cp can be characterized in the following way; for a proof 
see [40, Proposition 2]. 


Proposition 2 Let um be the unique point of minimum for the flux function f. A 
couple (uj, ur) belongs to Ca if and only if 


either ul = Uy 
or Ul Z Um, Ur 2 Um (2.32) 
or uj > Um, Ur SUm, f(u) > fur). 


A couple (u;, u;) belongs to Cp if and only if 


either ul = Uy 
or u <m, u, <m (2.33) 
o å wzm, ur<m, f(u)< f(ur). 
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Ag Ag 


pu pu 
—1 u* 0 1 —1 0 u” 1 


Fig. 2.1 The graph of the function g defined in (2.34), in the case of a Burgers flux function 
fu)= u? and F(u) = n so that um = 0. At the left, the case u* = 4, while, at the right, the 


*_1 
case u —=9 


The following stability result holds. 


Theorem 15 There exist boundary conditions w4, wp such that, if the solution u to 
the initial-boundary value problem (2.28) is in the class PWS*, then 


1. fora.e. t € [0, T], (a(t), u(t, a+)) € Ca; 

2. fora.e. t € [0, T], (u(t, b—), wp(t)) € Cp; 

3. the functional t œ> V (t), defined in (2.29), is strictly decreasing; 
4. the system (2.28) is Lyapunov stable. 


For a proof see [40, Theorem 4]. It is possible to describe explicitly a class of 
controls described in Theorem 15. To this aim, we first consider a function 


g: R — R 
u > (u — u*) f(u)— F(u), ya 


where F is a primitive of the flux f; see Fig. 2.1. 


Lemma 1 Let um denote the unique point of minimum of f. The smooth function g 
satisfies the following properties. 


1. g is strictly increasing in (—oo, min{m, u*}) U (max{m, u*}, +00) and strictly 
decreasing in (min{m, u*}, max{m, u*}). 
2. Foru > v such that f (u) = f(v), we have g(u) > g(v). 


The set of boundary controls (wg (t), wp(t)) of Theorem 15, which stabilize the 
system (2.28), in the case u* < um, can be chosen according to the following cases. 
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1. If (u(t, a+), u(t, b—)) € [m, +00) x (m, +00), then 
walt) € [m, u(t, a+)) wp(t) = u(t, b—). 
2. If (u(t, at), u(t, b—)) € [m, +00) x (—00, m], then 
Wa(t) € (m, +00) wp(t) E€ (—00, m) 8 (Wa(t)) = g (wp(t)). 
3. If (u(t, a+), u(t, b—)) € (—00, m) x (—00, m], then 
a(t) =u(t,at) olt) =u". 


4. If (u(t,at),u(t,b—-)) € (—o0o,m) x (m,+oo] and g(u(t,at)) < 
g (u(t, b—)), then 


@q(t) = u(t, a+) wp(t) = u(t, b—). 


5. If (u(t,at),u(t,b—-)) € (—oo,m) x (m,+o0] and g (u (t, a+) 
g (u(t, b—)), then 


IV 


walt) = u(t, a+) wp(t) =u". 


Remark 4 The boundary controls in Theorem 15 provide Lyapunov stability, but 
not asymptotic stability in general. In the following section, a greedy controller 
is defined and it maximizes the instantaneous decrease of the Lyapunov function 
(but also not guaranteeing asymptotic stability). Finally, in Sect. 2.4.5 we design 
an improved controller which guarantees asymptotic stability and invariance of the 
class PWS*. 


2.4.4 Greedy Controls 


Here we characterize the values of boundary controls, that minimize the derivative 
of the Lyapunov function V (2.29). Since the type of waves generated at the 
boundaries influences the value of the derivative of V, we first provide a detailed 
description of them. Table 2.1 summarizes the types of waves created at the left 
boundary for controls taking values in the control space C4; see Definition 3. 

Let us characterize the changes in the Lyapunov function, due to the variation in 
the number of shock waves in the solution, resulting both from internal interactions 
and from the generation or absorption of waves at the boundaries. 


Proposition 3 Fix a time t at which the number of jump discontinuities changes. 


1. If two shock waves interact at time t, then the derivative of the Lyapunov function 
V decreases, i.e., V'(t—) > V' (t+). 
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Table 2.1 Waves exiting from the left boundary depending from the boundary control and the 
trace of the solution at this boundary 


u(t, a+) < um u(t, a+) > üm 
Wa > u(t, a+): Shock 
Wa = Um Ff (@a) > f (u(t, a+)): Shock @a = u(t, a+): No wave 
@a < u(t, a+): Rar. wave 


Wq = u(t, a+): No wave Rarefaction with vanishing 


wa < u 
3 m boundary trace 


2. Assume that a discontinuity wave crosses the left boundary and let us denote u— 
the value of the boundary trace at time t— and u* the value of the boundary 
trace at time t+. The jump in the derivative of the Lyapunov function reads 


— 4+ 
V' G+) — V'E-) = (ft) - fU) (== - w) (2.35) 


where the term (fu) — f(u-)) is positive, since f is a convex flux. Moreover 
we have the following cases. 


(a) Ifu* < C, then there is an increase in the derivative of the Lyapunov 
function V. 

(b) If u* > uput, then there is a decrease in the derivative of the Lyapunov 
function V. 


The case of right boundary can be treated similarly with a change in the sign 
in (2.35). 


For a proof see [40, Proposition 3]. Proposition 3 can be restated in the case of a 
concave flux function. The next result selects the boundary controls that maximize 
the decrease rate of the Lyapunov function V in two different cases. In the first 
one only rarefaction waves are created, while in the second one shock waves are 
produced. 


Proposition 4 ([40, Proposition 4]) Let u be a solution to the initial-boundary 
value problem (2.28) and let g be the function introduced in (2.34). 


1. The boundary controls t œ> w, and t +> w, that minimize the decrease of the 
Lyapunov function V without introducing shock waves are given by: 
of (t) = arg min {g(u) : (u, u(t, a+)) € Ca, u < u(t, a+)} 
w(t) = arg max {g (u) : (u, u(t, b—)) € Cy, u > u(t, b—)}. 
2. The boundary controls t œ> œ, (t) and t œ> œ,(t) that minimize the decrease of 


the Lyapunov function V by introducing discontinuities at the boundaries, can 
be obtained by: 
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ARight boundary 


(u(t, a+), u(t, b—)) 
C 4. 
= (0, u(t, b—)) 
ọọ <—__ ® 
Bar a Case 1. 
> 
Left boundary 

v (0, u*) 

Pakaru] ©) 
Case 3. Case 2. 


Fig. 2.2 Construction of the greedy stabilizing controller for the Burgers flux f(u) = u? in the 
case u* < 0 = um. The cases correspond to the ones of the procedure described in Sect. 2.4.4 


w, (t) = argmin{S(u(t,a+),u): (u, u(t, a+)) € Cg, u > u(t, a+)} 
w(t) = arg max {S (u(t, b—), u) : (u, u(t, b—)) € Cp, u < u(t, b—)}, 


where 


Su, v) = (f0) — fw) (“= a u”) 


In the case u* < um, a greedy boundary control (wa(t), wp(t)), maximizing the 


instantaneous decrease of the Lyapunov function (2.29), can be constructed in the 
following way; see Fig. 2.2. 


Case 1. If (u(t, a+), u(t, b—)) € [um, +00) x (Um, +00), then 
walt) = Um, wp(t) = u(t, b—). 


Case 2. If (u(t, a+), u(t, b—)) € [Um, +00) x (—00, Um], then 
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Walt) = Um, wp(t) = u*. 


Case 3. If (u(t, a+), u(t, b—)) € (—00, Um) X (—00, Um], then 


a(t) =ult,a+), (t) =u". 
Case 4. If (u(t, a+), u(t, b—)) € (—00, Um) x (Um, +00) and g (u(t, b—)) > 
g (u*), then 
alt) =ult,a+), wet) = u(t, b-). 
Case 5. If (u(t, a+), u(t, b—)) € (—00, um) x (um, +00) and g (u(t, b—)) < 


g (u*), then 
walt) = u(t, a+), wp(t) = u*. 


We note in Example 1 that with the greedy controller constructed in this part 
asymptotic stability may not be obtained. We also illustrate that the naive brute 
force control (wa (t) = u*, œp (t) = u*) may create oscillations at the boundary. 


Example 1 Choose u* < um and define û by um < û and f(a) = f(u*). Given 


0 < A < (a + b)/2, such that p €e N, and 0 < k < û we consider the following 
initial datum 


Um, x € (a, 44°) 
i—k, xe(G®+ Opa, 424+ 2pt)A) 
ug(x) = pe{o,---, 54-1} 
atk, xe (SP + Opt DA + Q2p+2A) 
pe (Ouse Bea), 


In such a case, Case 1. applies, hence the boundary controls are (wa(t) = 
Um, @p(t) = u(t, b—)). The characteristic speed of um is zero, thus the right 
boundary value converges toward um in infinite time. The solution remains in 
the configuration characterized by Case 1., and converges to the steady state un 
not reaching the target density u*. This shows that stability is achieved but not 
asymptotic stability. 

The brute force control (wa (t) = u*, wp(t) = u*) has no action on the system 
when u(t, b—) = û + k, since the control values are outside of the control space 
Cp. While when u(t, b—) = û — k, the brute force control induces slow backward 
moving shock waves (ù — k, u*) from the right boundary which interact with fast 
forward moving shock waves (û + k, û — k) coming from the initial datum, and 
create slow forward moving shock waves (û + k,u*). Hence we observe large 
oscillations at the right boundary, comparable to the oscillations in the initial datum. 
More precisely, the trace at the boundary x = b oscillates between the value u* and 
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values in the interval [u—k, û+k], generating a total variation in time which satisfies 


TV eles ae ee 
:(u(t, b—)) > JA (u ur). 


Since A is arbitrary, the boundary oscillations can be arbitrarily large, but in any 
case proportional to the oscillations in the initial datum. Eventually all the waves 
generating by an oscillating initial datum exit the domain and the naive control 
produces backward moving shock waves (um, u*) which yield convergence. 


2.4.5 Lyapunov Asymptotic Stability 


Here we design a control strategy, which guarantees Lyapunov asymptotic stability. 
More precisely, Theorem 16 shows that the associated solution to (2.28) remains in 
the class PWS* for initial data ug in the same class. Moreover, in Theorem 17 
we state BV estimates for the solution and the boundary controls. Finally, in 
Theorem 18, we use the BV estimates to extend the construction to BV initial data 
and we state Lyapunov asymptotic stability. 

In this part, we restrict to the case u* < um for simplicity. Define û > um by 
f@) = flu*), ù > um by g(ŭùŭ) = g(u*), and ū = ae By Lemma 1, we deduce 
that ù < a and thus ù < u < i. The specific choice of ŭ guarantees the decrease of 
V(-) (as it would any other control in Jz, #[.) The feedback controls wg(t), wp(t), 
are defined as: 


(Um, u(t, b—)) if (u(t, a+), u(t, b—)) € [um, +00) x (ü, +00), 
(Um, U*) if (u(t, a+), u(t, b—)) € [um, +00) x (—0œ0, ü], 
(u(t, a+), u*) if (u(t, a+), u(t, b—)) E€ (—00, Um) Xx (—0œ0, ü], 
(u(t,a+),u(t,b—)) if (u(t, a+), u(t, b—)) € (—00, um) x (4, +00). 
(2.36) 


Notice that the boundary controls are of feedback type, since they depend only 
on the trace of the unknown at the boundaries. Instead, the “nonlocal” boundary 
controls, defined in Sect. 2.4.6, depend also on the initial state. 

We have the following result. 


Theorem 16 Consider an initial datum ug in PWS* and the boundary controls 
given by formula (2.36). Then the corresponding boundary value problem admits 
a unique solution, which belongs to the class PWS? for all times. Moreover, the 
function V (-) is strictly decreasing along the solution and the equation is stable in 
the sense of Lyapunov. 


To extend the result to general initial data in BV, we need estimates on the total 
variation in time of the controls TV; (wa), TV;(@p), and in space of the generated 
solution TV, (u(t, -)), which are given by the next result. 
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Theorem 17 Consider an initial datum uo in PWS, the boundary controls given 
by Case 1.—Case 5., and let us indicate by u(t, x) the corresponding solution. Then, 
defining C = 2 (sup, |uo(x) — Um| + [üm — u*|), we have the following estimates: 


TV, (u(t, -)) < TVy(uo) + C + |a — u*| (2.37) 
TV; (@a) < TV x (ug) + C (2.38) 
TV, C 
TV: (wp) < TVx (uo) + C + |ū — u*| - on 3 (2.39) 
u—u 


The proof of Theorem 17 is based on careful estimates on the flux variation and 
possible wave patterns generated by the boundary controls; see [40, Theorem 6]. 
We are now ready to state the last result of this section [40, Theorem 7]. 


Theorem 18 Consider an initial datum ug in BV and the boundary controls given 
by formula (2.36), then there exists a unique entropic solution to the corresponding 
initial-boundary problem such that (2.37), (2.38) and (2.39) hold true. Moreover, 
lim; +400 V(t) = 0, ie. lim; 400 [lu (ft, +) — u*|lg2 = 0. 


To prove Theorem 18, one first uses standard compactness and Helly’s Theorem, 
then observe that the solution attains the boundary value and, finally, use the decay 
to N-wave solutions, see [226]. Notice that, because of the BV estimates, the 
convergence of u actually holds in all L? norms. 


2.4.6 Nonlocal Controls 


As we noticed the greedy control may not stabilize the system to u*, while the 
brute force control ua = up = u* may overshoot and produce oscillations. Finally, 
control (2.36) stabilizes the system, but the stabilization time can be far from 
optimal. Therefore, in this section, we show nonlocal controls ol! ot, which fast 
stabilize the system to u*. We use the term nonlocal to indicate that these controls 
depend not only on the values of the traces u(t, a+) and u(t, b—). 

We focus again, for simplicity, only on the case u* < um. Define A = 
SUPyeja,b] MOC) and Â < Um be such that f(A) = f(A). For every U < A we 
define: 


(b—a)(A-—U) (b—a) 
Tı (U) = ————_.,,_ 7) (U) = T - 2.40 
WO FO— fay? MON To i 
and set ol! as in (2.36), while: 
nl — U, 0 < t < To, 
oO pa To < t < +00. a 


28 2 Boundary Control 


The meaning of such construction is as follows. First, in the same spirit as [149, 150, 
179], we send a large shock (uo(a+), U) with negative speed to move the system in 
the zone u < um and then apply the stabilizing control. Notice that T; is computed 
as the maximal time taken by the big shock to cross the interval [a, b], while Tọ is 
the time at which the characteristic corresponding to u* should start from b to reach 
a at time Tı. These choices will guarantee the desired effect. Notice also that To is 
a safe choice, but smaller values may give a better performance. 


2.4.7 Numerical Examples 


In this section, we present numerical results obtained for a benchmark scenario. 
The numerical scheme used here is the standard Godunov scheme [154] with 200 
cells in space and a time discretization satisfying the tight Courant-Friedrich-Levy 
(CFL) condition [216]. We consider the flux function u > u? /2, the equilibrium 
state u* = —1, and the space domain [0, 1] with the oscillating initial condition 


ug(x) = 1 + 0.5 sin(20x). (2.42) 


In Fig. 2.3 we present the evolution of the system under four different controllers: 
the greedy boundary control (defined in Proposition 4), the brute force boundary 
control ua = up = u*, the stabilizing control (defined in Sect. 2.4.3), and the 
nonlocal control (formula 2.41) with U = —2 and Tọ as defined in (2.40). The 
greedy control allows oscillations to exit from the right boundary but the solution 
does not converge to the steady state u* = —1. On the other side the brute force 
control converges to the steady state but generates oscillations on the right boundary 
as can be seen in Fig. 2.4, top. The stabilizing control also converges but it is less 
oscillating with respect to the brute force control. The nonlocal control guarantees 
convergence and avoids oscillations. The evolution of the solution under the action 
of the stabilizing control and the brute force control are very similar. The decrease 
of the corresponding Lyapunov function is represented in Fig. 2.4, bottom. One can 
note how the nonlocal control decreases much faster than the other methods. 

To study the dependence of the nonlocal control stabilization performance on the 
parameters U and 7p we run several simulations with different values of these 
parameters, see Fig. 2.5 for U e [—2.1, —1.5] and Tọ € [0.5, 2]. The convergence 
time is defined as the first time such that V(t) < 0.1. We notice that longest 
convergence time corresponds to U = —1.5 and Tọ = 0.5 while the fastest 
corresponds to U = —2.1 and Tọ = 1. Moreover, for each fixed U there exists 
an optimal switching time Tọ that minimizes the convergence time. 

To further illustrate the oscillations of the boundary trace generated by the brute 
force control we simulated the case in which the initial datum is strongly oscillating: 


uo(x) = 1 + 0.3 sin(50x). (2.43) 
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Fig. 2.3 Numerical solution of Burgers equation: Evolution of the solution for the various 
controllers with oscillating initial data 


In Fig. 2.6 the trace of the brute force control shows, at initial times, one big 
oscillations and then the oscillations continues until £ = 1. For the stabilizing 
control the oscillations are smaller but they extend for a longer period up to time 
t= 1.5. 


2.5 Mixed Systems PDE-ODE 


Here, we present a slightly different system with respect the previous ones of the 
present Chapter. More precisely, we consider a system of balance laws (PDE) with 
boundary, coupled with a system of ordinary differential equations (ODE). The 
coupling condition between the PDE and the ODE is at the level of the boundary. 
Moreover, we do not consider explicitly a control for such a system. However, 
the solution to the ODE can be seen as an external control for the system of 
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Fig. 2.4 Downstream trace and Lyapunov functions: the Lyapunov functions for different 
controls are represented in the bottom subfigure. The downstream boundary are represented in 


the top subfigure respectively 


balance laws. The boundary position for the PDE is not fixed a-priori, but it is 
given by a function y, which is the solution to an ordinary differential equation. 


Therefore, we consider the system of conservation laws (2.1) 


on the domain 


D = {(t,x):t > 0, x > y(t)}. We present both the mathematical description and 
a theoretical result about existence of solutions for the Cauchy problem. 


Let us consider the following mixed ODE-PDE systems: 


oru + 0, f (u) = g (u), x > y(t),t >Q, 
b (u (t, y(t)+)) = B (t, w(t)), t >0, 
w= F (t, ut, y+), w),  t>0, 
ý) = I (w(t)), t>0. 


(2.44) 


Here the unknowns are u = u(t, x), w = w(t), and y = y(t). As said before, the 
function u is defined for t > 0 and x > y(t), while w and y are defined for t > 0. 


We assume the following hypotheses. 
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Convergence time 


Fig. 2.5 Convergence time of the Lyapunov function: dependence of the convergence time of 
the Lyapunov function from U and Tọ. The convergence time is defined as the first time for which 
V(t) < 0.1 


(MS.1) Qc R” is an open set. Moreover ù € Q, Ù € R” and x € R. For ô > 0, 
define the sets 


v= fu c f+ (BVAL)R: R”): uR) c al, 
V; = {u € V: TV(u) < ô}. 


(MS.2) The flux function f : Q — R” is smooth. Moreover the system of 
balance laws is strictly hyperbolic with each characteristic field either genuinely 
nonlinear or linearly degenerate. 

(MS.3) For 6 > 0, the source function g: Vs —> L! (R; R”) satisfies, for suitable 
Lı, L2 > O, the estimates 


le -gull < Li lu- uli and TYV (gu) < Lo, 


for every u, u’ € Vs. 

(MS.4) Te C®!(R”: R). 

(MS.5) There exist c > O and p € {1, 2, ...,n — 1} such that àp (å) < TI(Ô) — c 
and à p+1 (û) > (Ô) + c. 
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Fig. 2.6 Downstream trace: value of the solution at the right boundary for a strong oscillating 
initial data 


(MS.6) b € C!(Q; R”~?) is such that 


det (Dy b(@) [rp (Â) rp42() +++ rn (@)]) #0. 


(MS.7) The map F: Rt x Q x R” — R” is such that: 


(a) for all u € Q and w € R”, the function t œ> F(t, u, w) is Lebesgue 
measurable; 


(b) for all compact subset K of Q x R”, there exists Cx > 1 such that, for all 
t € R? and (u1, w1), (u2, w2) € K, 


|F, u1, wi) — F(t, u2, w2)llgm < Cr (llui — uzliga + |wi — wallpn); 


(c) there exists a function C € Li  (R®; Rt) such that, for all £ > 0, u € & and 
w e R”, 


| F(t, u, w)ligra < Ct) A + wlr») . 


(MS.8) B € C!(Rt x R”; R"?) is locally Lipschitz, i.e., for every compact 
subset K of R”, there exists a constant Cg > 0 such that, for every t > 0 and 
wekK: 


2.5 Mixed Systems PDE-ODE 33 


<Cr. 


ə 
[Zso w) 
ot R-p 


a 
+ | — B(t, w) 
ðw 


R”-P 


Remark 5 Condition (MS.5) is analogous to the non-characteristic condition (NC) 
in the case of moving boundary. This is strictly related to conditions (MS.6) 
and (MS.8), describing how boundary conditions are assigned; see also [5-7]. 


Now we introduce the definition of solution for (2.44). 


Definition 4 Let T > 0. A triple (u, w, y) with 
u € C° ([0, T]; V) w € W}! ([0, T]; R”) y € W' ([0, T]; R”) 
is a solution to (2.44) on [0, T] with initial datum (uo, wo, xo) such that ug € V 
with uo(x) = û for x < xo, wọ € R” and xo € R, if 
1. u is an entropy admissible solution to 


[a + dx f(u) = glu), x > Yx(t), t > 0, 
b (u (t, Ye()+)) = Bet), 1 >0, 


on [0, T] with B,(t) = B (t, w(t)), y(t) = y (t), and initial datum ug; 
2. w solves 


w = F,(t, w), t > 0, 
w(0) = wo, 


on [0, T] with F(t) = F (t, u (t, y (t)+) , w) ae.; 
t 
3. y(t) = x0 +f II (w(t)) dt for a.e. t € [0, T]. 
0 


The following result holds; for a proof see [42]. 
Theorem 19 Let (MS.1)-(MS.8) hold. Assume that b(u) = B(O, w). Then, there 
exist positive constants ô, A, L, Ts, domains D, (for t € [0, Ts]), and maps 


P(t, to): Dr > Dro tt, 


defined for to, to + t € [0, Ts], such that 


1. (Vs x Bs) x Jf — 8,8 +|) c D c (Va x Baw) x |- A, 8+ Af), 
where the notation B,(w) denotes the ball of radius r centered at Ô; 

2. for all to, tı, t2 with to € [0, TsL, ti € [0, Ts — tol and t2 € [0, T — to — ti], we 
have 


P (tr, to + t1) o P(t, to) = P(t + t, to) and P(O, to) = Id; 
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3. for to € [0, Ts[, t € [0, Ts — to], and (u, w, x), (u, w, x) € Dy, 


|| P(e, to), w, x) — Pt, to), w, D |i emp 


< L (llu — dilly + lw — Wilpm + |x — <1); 


4. for all (uo, Wo, xo) € Dy, the map t œ> P(t, 0)(uo, Wo, xo), defined for t € 
[0, 75], solves (2.44) in the sense of Definition 4. 


2.5.1 Examples 


We consider here several examples of applications of Theorem 19. In Example 2, 
we consider the case of a tube with a piston filled with gas, in Example 3 a sewer 
system with a vertical manhole is considered, in Example 4 we present a system 
describing a portion of the circulatory system, while in Example 5 the case of a 
solid body in a fluid is considered. 


Example 2 Consider a tube filled with fluid and closed to the left by a piston. The 
gas dynamics can be described by the p-system in the Lagrangian coordinates, 
coupled with an ordinary differential equation governing the piston’s evolution. 
More precisely 


oT — yv = 0 

ðv + dy p(t) =0 

V = v(t, 0+) 

V =a-(P(t)— p (T(t, 0+), 


(2.45) 


where ¢ is time, x the Lagrangian coordinate (i.e., represent the position of gas 
particles in the original frame), t the specific volume, v the Lagrangian speed of 
the flow, p the pressure in the fluid, V the speed of the piston, P(t) the pressure 
to the left of the piston, and a is the ratio between the section of the tube and the 
mass of the piston. The acceleration of the piston is due to the difference between 
the pressure of the fluid and that of the outer environment. The problem (2.45) can 
be written in the form (2.44) and, under suitable assumptions, Theorem 19 can be 
applied. 


Example 3 Consider a sewer network composed by a single junction, located at 
x = 0, that joins k horizontal pipes to one vertical manhole. The flow in the i-th 
tube, fori = 1,--- ‚n, can be described by the Saint Venant equations (see [199, 
formula (108.1)] and Example 8) 
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0; Ai + 0x QO; = 0 
2 
8,0; + as (¢ + pican) = 
ensuring the conservation of mass and momentum. The quantity A; is the wet cross 


sectional area, Q; the flow in the x direction, and p; is a function representing the 
hydrostatic pressure. The complete system, which falls within the class (2.44), is 


ðrAi + ðx Qi = 0, i=1,-- n, 
Q? 
0; Qi + əx z #49] = i= 1,- n, 
1 Oi(t, 04) | 
A(t) = — ——j + hi (Ai (t, 0 , Slet 
(t) 2g AG 0p? + i (Ai (t, 0+)) i n 


Yot, 0+)| + A), 


i=l 


1 
iO == T (20% on) 2 


hy(t) = 7 (e0 = 3 Qilt, o»). 
B (2.46) 


where we require, as boundary condition, the equality of all the hydraulic heads hat 
the junction, and the height hy of the water inside the manhole is determined by the 
last two equations of (2.46) based on the conservation of the total amount of water. 


Example 4 Following [129, formule (2.3), (2.12), (2.14)], [133] and [62], we 
consider the 1D model for blood flowing through an artery, coupled with a OD model 
describing the averaged mass and flow rate in a given terminal compartment of the 
circulatory system (e.g., capillary bed, venous circulation). The complete model is 


ja + 0xg =0 
¢ 22 y4 
drq + Ox (ot + 3 (a) =2- ve 


a(t, 0+) = a ( Bip rp) (2.47) 


P=-4£0+ tqt, 0) 
6=-8941p_1p¢, D), 


where p is the blood density, q is the arterial flow rate, a denotes the arterial cross 
section, p(a) is the arterial blood pressure, z(a) = f. A a p'(a) da, and P and Q 
denote respectively the compartmental mean blood pressure and the compartmental 
mean flow rate. The remaining constant are: 
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ao reference cross section, v viscosity coefficient, 
a Coriolis coefficient, B arterial wall elasticity, 
R compartmental resistance, C compartmental capacitance, 


L compartmental inductance. 


System (2.47) is of type (2.44). 


Example 5 We consider the following model describing the evolution of a solid 
body, locate at position y (t), inside a compressible fluid, described by the classical 
p-system (see Example 7): 


0:0 + Oxqg = 0, xA#y(t),t > 0, 
2 

Org + Ox (2 +p) = -g p, xÆ y(t), t >0, 
qalt yO- _ 46 y®O+) _ t>0, (2.48) 
pt, yO- et yO» 
y= p (p, OD a (o (t, y@)— D 

= z t > 0, 
y(t) = V, t>0. 


The quantities p and q are the fluid mass and linear momentum density above and 
below the particle, p = p(p) is the pressure law, V is the speed of the particle 
located at y(t) and m is its mass, g is gravity. System (2.48) is a particular case 
of (2.44). 


2.6 Bibliographical Notes 


Several papers are concerned with the boundary control of the viscous Burgers equa- 
tion ðu + dx (5) = xxu; see [59, 60, 85, 119, 135, 136, 192, 195, 204, 229, 256]. 


Given a final time T > 0, an initial condition uo and boundary controls wa, wp, the 
control system is 


ee, (5) = 


u(0, x) = uo(x) (2.49) 
u(t, d) = Wa(t) 
u(t, b) = wp(t). 


When the control acts on a single side (i.e., when wg or œp is a given preassigned 
function), there are several results concerning the non-controllability of the system. 
First, Diaz in [119] proved, using a topological argument, that it is not possible 
to find a solution u to (2.49), which is arbitrary close to certain open subsets of 
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L?(a, b); see also [135]. In such a case, also the property of exact null controllability 
does not hold. This means that, for specific initial data ug, the final profile u(T, -) 
cannot be constantly equal to 0. In such direction, Fernandez-Cara and Guerrero 
in [130] gave sharp estimates of the minimal time, which depends on the L? norm 
of the initial datum, for which the null controllability property is ensured. Moreover 
Coron in [86] proved the existence of a time T > 0 sufficiently big such that the 
system (2.49) is null controllable when wa (or œp) is constantly equal to 0; see 
also [69]. 

In case the control acts on both sides, Fursikov and Imanuvilov in [135] proved 
that every steady state solution can be reached, provided the final time is sufficiently 
large, whereas Coron in [86] proved that the system can be driven from the null 
function to every large constant state; see also [151]. In the presence of an additional 
distributed control, Chapouly in [69] proved the global controllability property for 
the viscous Burgers’ equation; see also [1, 13, 19, 219, 240]. 

In the case of smooth solutions for general systems of balance laws, problems of 
exact boundary controllability and of asymptotic stabilization have been addressed. 
These results were obtained by using explicit formulas for the evolution of the 
Riemann invariants along characteristics; see [34, 110, 161, 215, 217, 218]. 

Lyapunov methods for stabilizing classical solutions of 2 x 2 systems with char- 
acteristics speeds of constant opposite sign have been introduced in [90, 122, 241]. 
Similar work on boundary damping techniques with applications to the Saint-Venant 
equations has been proposed in [110, 244]. Lyapunov methods for stabilization in 
the case of solutions with a finite number of shocks are considered in [40]. In the 
case of hybrid dynamics, see [9]. 

Mixed systems, composed by hyperbolic conservation laws and ordinary dif- 
ferential equations interacting at the level of the boundary, have been considered 
in [18, 41-44]. Existence of a solution with the vanishing viscosity approach has 
been studied in [75]. 
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Chapter 3 A 
Decentralized Control of Conservation gag | 


Laws on Graphs 


3.1 Introduction 


Conservation and/or balance laws on networks in the recent years have been the 
subject of intense study, since a wide range of different applications in real life can 
be covered by such a research. Among the possible applications, vehicular traffic is 
probably the one more studied; see, for example, [139] and the reference therein. 
Other applications range over data networks, irrigation channels, gas pipelines, 
supply chains, and blood circulation; see, for example, [26, 62, 77, 106, 108, 156]. 
Therefore, it is natural to consider control problems for such systems, and in partic- 
ular to consider control functions acting at the level of junctions or nodes [144, 160]. 

This chapter presents various examples of conservation laws with controls acting 
at the nodes. More precisely, all the examples are motivated by vehicular traffic and 
so the dynamics in each edge of the network is described by the Lighthill-Whitham— 
Richards model [224, 249] or by its discrete version. 

In Sect. 3.2 we consider a network composed by a single junction and we assume 
that the control function modifies the junction Riemann solver; see [144]. A junction 
Riemann solver is a function which gives a solution to every Riemann problems 
at the node. In this part, we show that, if the Riemann solver and the control 
function satisfy a suitable set of theoretical assumptions, then there exists a solution 
of the corresponding Cauchy problem. The section is completed by three concrete 
examples of Riemann solvers satisfying the required properties. 

In Sect. 3.3, we consider a special case of the problem addressed in the previous 
ones: the regulation of signalized intersections. More precisely, a traffic light can be 
seen as a regulation of traffic distribution coefficients, that is of the Riemann solver 
parameters. The controls in this case are piecewise constant and we address the 
approximation by continuous ones, providing also precise estimation errors. The 
approach is strongly based on Moscowitz functions, or cumulative counts of cars 
flowing at a given point, which solve a Hamilton-Jacobi-Bellman equation. 
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In Sect. 3.4, we consider a freeway model with on-ramps and offramps and the 
controls act at the level of on-ramps mainly through traffic lights; see [248]. In this 
part, the highway is described by a finite number of consecutive links, and in each 
link a discretized version of the Lighthill-Whitham—Richards model is considered. 
Optimal control problems are studied and necessary conditions for optimality are 
deduced, by computing a generalized gradient of the cost functional. 

In Sect. 3.5, we consider a single road with a spatial non-homogeneity located at 
position x = xc; see [79]. More precisely the aim is the description of toll gates 
or road works in a limited portion of the road. This is obtained by imposing a 
variable flux constraint at position x = xec. After giving the definition of solution, 
we state Theorem 25, which ensure existence and well-posedness of the solution 
for each admissible control. The section also contains some examples, motivated by 
applications, of optimal control problems. 

Finally, in Sect. 3.6 we consider optimizing the travel time on a loaded network. 
Solving analytically the problem on a complex network is not feasible thus we 
resort to optimize some cost function at every junction separately for asymptotic 
solutions to Riemann Problems. The local problems are solved analytically and the 
network policies tested numerically. Specifically, we solve analytically the problem 
for simple junction in Sect. 3.6.1 and simulate the result on two urban networks (in 
the Italian cities Rome and Salerno) in Sect. 3.6.2. Finally, the case of creating safe 
corridor for emergency vehicles is addressed in Sect. 3.6.3. 


3.2 Control Acting at Nodes Through the Riemann Solver 


In this section we consider conservation laws on networks with control acting at 
the nodes. We refer the reader to Appendix B for notations and basic results of the 
theory of conservation laws on networks. 

We deal with control problems on a node, or more generally on a network with a 
finite number of arcs and nodes, where the control function w acts at the level of the 
node. More precisely, we focus the attention on the following control problem 


0; Ue + Ox f (ue) = 9, le{l,---,n+m}, 
ue(O, x) = üe(x), Le{l,---,n+m},xel, (3.1) 
(un+1(t, 0), A , Un+m(t, 0)) = RSw(t) (ui (t, 0), Pane ,Un(t, 0)), 


where w : [0, +oo[— Q is the control function, which acts through the Riemann 
solver RS. 
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3.2.1 The Setting of the Problem 


Fix a network composed by a finite number of arcs and nodes. Without loss 
of generality we focus the attention on a single node J with n incoming arcs 
Ii, ++- , In and m outgoing arcs In41,--- , In+m; see [142, Theorem 4.3.9] or [139, 
Section 4.1]. We model each incoming arc J; (i € {1,--- ,m}) of the node with 
the real interval J; =] — 00, 0]. Similarly we model each outgoing are Ij (j € 
{n + 1,--- ,n + m}) of the node with the real interval J; = [0, +oo[. On each arc 
Ie (£ € {1,--+ ,n + m}) we consider the partial differential equation 


dr ue + Ox f (ue) = 0, (3.2) 


where ue = ug(t, x) € [0, Umax] is the conserved quantity, and f is the flux. For 
simplicity, we put Umax = 1. 
On the flux f we assume the usual hypothesis 


(F) f:[0,1] — Risa Lipschitz continuous and concave function satisfying 


(a) f(0) = fC) =9; 
(b) there exists a unique ø €]0, 1[ such that f is strictly increasing in [0, o;[ and 
strictly decreasing in Jo, 1]. 


Remark 6 A flux f satisfying condition (F) is not an invertible function. However, 
if we restrict f on the intervals [0, 0] and [o, 1], both restrictions are invertible. It 
is convenient to define the restrictions 


fi: [0,0] — R fr: lo, 1] — R 


d 3.3 
u ef) u > fl). (33) 
As said before both fz and fpr are invertible. 
The concept of solution to (3.2) is the following. 
Definition 5 Fix £ € {1,--- ,n + m}. A function ue € C°({0, +00]; Line (le) is 


an entropy admissible solution to (3.2) in the arc Ie if, for every k € [0, 1] and 
every Ø : [0, -+oo[xJ/~¢ — R smooth, positive with compact support contained in 
JO, +00[x (Ze \ {0}), it holds: 


+00 
f / [lue — kl a G + sgn(ue — k) (f(ue) — fK) x p] dxdt >0. 84 
£ 


Let us introduce the concept of admissible control functions. 


Definition 6 We say that w : [0, +oo[— Q is an admissible control function at the 
node J if: 


1. Q is a subset of a normed space (Q, |l- lig); 
2. Q is the finite union of connected and pairwise disjoint sets; 
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3. w is aright continuous function with finite total variation; 
4. there exists a finite number of jumps between the connected components of Q. 


The definition of Riemann solver at a node is the following one. 
Definition 7 A Riemann solver RS at J is a function 


RS: [0, yer" — [0, yen 
(U1,0,°°* »Untm,o) > (1,°+* , Un+m) 


satisfying the following properties: 


L ier fii) = Di FGDs 


2. for every i € {1,--- , n}, the classical Riemann problem 


ðr u + 0x f(u) = 0, xeR,t>0, 
uio, ifx <0, 


u(0, x) = | _ 


uj, ifx >0, 


is solved with waves with negative speed; 
3. for every j € {n+ 1,--- ,n + m}, the classical Riemann problem 
ðr u + 0x f(u) = 0, xeR,t>0, 


a;, ifx<0 
0, _ Ji , 
ua pA ifx > 0, 


is solved with waves with positive speed; 
4. the consistency condition 


RS(RS(u1,0, A Un+m,0)) = RS(u1 0, AT a Un+m,0) 


holds. 


Fix a family (RS»)peq of Riemann solvers at the node J. The concept of 
solution to (3.1) is given by the following definition. 


Definition 8 A collection of functions ue € C°({0, +o0[; L 
solution at J to (3.1) if 


(I¢)), provides a 


1 
loc 


1. for every £ € {1,--- ‚n + m}, the function ug is an entropy admissible solution 
to (3.2) in the arc e; 
2. for every £ € {1,--- ,n + m} and for a.e. t > 0, the function x > ue(t, x) has a 


version with bounded total variation; 
3. for a.e. t > 0, it holds 


RS w(t) (ui (t, 0), aia} Un+m(t, 0)) = (u(t, 0), TEE y Untm(t, 0)) ’ (3.5) 


where ue stands for the version with bounded total variation of 2. 
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3.2.2 The Main Result 


Here we state the main result, which deals with the existence of a solution to (3.1). 
As a preliminary, we need to introduce properties (P1)-(P4) for a family of Riemann 
solvers (RSp) pea. These properties ensure some bounds on approximate wave- 
front tracking solutions, used to prove Theorem 20. 


Definition 9 We say that the family of Riemann solvers (RSp)peg has the 
property (P1) if the following condition holds. Given (u1,0,':* ,Un+m,o) and 
(u1 o> reag Un+m,0) two initial data such that ugo = upo whenever either ug o or 
u, ọ is a bad datum, then 


RS p(u10, “++, Untm,0) = RSp(uj 0> me i) (3.6) 


for every p € Q. 


Property (P2) asks for bounds in the increase of the flux variation for waves 
interacting with J. More precisely the latter should be bounded in terms of the 
strength of the interacting wave as well as the variation in the incoming fluxes. 


Definition 10 We say that the family of Riemann solvers (RSp) pea has the 
property (P2) if there exists a constant C > 1 such that the following condition 
holds. For every p € Q, for every equilibrium (u1,0, ++ , Un+m,0) Of RSp and for 
every wave (ue, ue) (£ € {1,---,n + m}) interacting with J at time t > 0 and 
producing waves in the arcs according to the Riemann solver RS», we have 


TV; (f+) — TV; §-) 


: i 37 
< C min {|f ueo) — f(ue|, [TEH -rE-)|}. oe 


$ 


The property (P3) states that a wave interacting with J with a flux decrease on a 
specific arc should also give rise to a decrease in the incoming fluxes. 


Definition 11 We say that the family of Riemann solvers (RSp)peg has the 
property (P3) if, for every p € Q, for every equilibrium (u1,0, +- , Un+m,0) Of 
RSp and for every wave (ue,o, ue) (£ € {1,---,n+m}) with f (ue) < f(uco), 
interacting with J at time tf > 0 and producing waves in the arcs according to the 
Riemann solver RSp, we have 


T+) <P). (3.8) 


Finally property (P4) describes the variation of the fluxes due to a variation of the 
parameter of the Riemann solver. 


Definition 12 We say that the family of Riemann solvers (RSp)peg has the 
property (P4) if there exists C > 0 such that, for every pı, p2 in the same connected 
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component of Q and for every equilibrium (u1,0, ++- , Un+m,0) for RS», we have 
n+m 
Y |fGe) — fueo)| < C lpi Palle. (3.9) 
f=1 

where (ity, ne Untm) = RS p(U1,0; kar Un+m,0): 


The following result holds. 


Theorem 20 Suppose that w is an admissible control function in the sense of Defi- 
nition 6. Assume that, for every £ € {1,--- ,n +m}, ue € L! (Ig; [0, 1]) with finite 
total variation. Assume moreover that the family of Riemann solvers (RSp)pea 
satisfies properties (P1)-(P4). 

Then there exists a solution (u,,--+ ,Un+m) to the Cauchy problem (3.1) in the 
sense of Definition 8. 


The proof is based on the wave-front tracking technique; see [144] or [139]. 


3.2.3 Example of Family of Riemann Solvers 


Aim of this part is to present different examples of family of Riemann solvers 
satisfying properties (P1), (P2), (P3), and (P4). 
3.2.3.1 The Riemann Solver RS, 


This example is based on the Riemann solver introduced for vehicular traffic in [76]. 
First introduce the set of matrices 


0 <ajj < 1 Vi, j, 


A:={A={aji} inten 2 J Of, (3.10) 
< denii nim 2 aji=1Vi 
j=n+1 
Let {e1, --- , en} be the canonical basis of R”. For every i = 1,--- ,n, we denote 
A, = fei}. If A € A, then we write, for every j = n+1,---,n+m, aj = 
(aji, ::: ajn) € R” and Hj = {aj}. Introduce now the following notation for 


sets of indices: 


e let H be the set of indices ¢ = (¢1,--- , Gn) such that ç; € N for every i € 
(las  n}and 1 < oi <+> < Sn <n+m,; 

e let be the set of indices k = (k,,..., ke) such that £ € {1,--- ,n—1},k; EN 
for every i € {1,--- ,£}and 1 < kı < k2 < --- < ke <n+m. 


Writing 1 = (1,--- , 1) € R”, for every k € K define 
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e 
Hy = |") Hn, 
h=1 
and the set 
Nis [AcA:1¢ Ag for every k € K] ; (3.11) 


Moreover, given 0 < kı < K2 < 1, define 


NE=[A EN: Saji <S,Vi=1,---,n,Vjonti,---,n+m}. 


(3.12) 
The construction of the Riemann solver RS1 can be summarized as follows. 
1. Fix a matrix A € St and consider the closed, convex, and not empty set 
n n+m 
Q= Ms DEJ [uA omm E J] wpe 613 
i=l j=ntl 
2. Find the point (y1, +-+- , Yn) € & which maximizes the function 
E(Yi, >, Yn) = Yi +H: + Yn, (3.14) 
and define (Yni1,--+,Y¥ntm)! = A - (P1, , Yn)”. Since A € M, the point 
(Y1, ++- , Yn) is uniquely defined. 
3. For every i € {1,--- , n}, set u; either by u;,o if f (uio) = Yi, or by the solution 
to f(u) = y; such that u; > o;. For every j € {n + 1,--- ,n + m}, set u j either 


by ujo if f (ujo) = yj, or by the solution to f(u) = yj such that uj < oj. 
Finally, define RS1,4 : [0, 117" — [0, 1]"*” by 


RSı,4(u1,0, reeg Un+m,0) = (Uj,°++ , Un, Un+1, ee g Un+m) : (3.15) 


In this way we have defined a family of Riemann solvers RS, 4 depending on the 
matrix A € N. For a proof that such a family of Riemann solvers satisfies properties 
(P1), (P2), (P3), and (P4) see [144] or [139, Chapter 4]. 


3.2.3.2 The Riemann Solver RS? 


This example is based on the Riemann solver introduced for telecommunication 
networks in [108]; see also [139, Chapter 4.2.2]. Consider the set 


6; > 0,- , On+m > 0, 
© = 30 = (01, ,On4m) € R" : (3.16) 
une Xiz 0i = Penei dj =1 
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of vectors 8, whose components are right of way parameters and so describe the 
relative importance of the edges of the node. Note that © is a convex subset of 
R"*”. also it is arc-wise connected and so it is a connected subset of R?’+”. 

The Riemann solver RS2 can be constructed with the following steps. 


1. Fix 0 € © and define 


n n+m 
Vine = X sup Qi, Pout = > sup Qj, 
i=l j=n+1 


then the maximal possible through-flow at the crossing is 
T = min {Pinc, Vou} - 


2. Introduce the closed, convex, and not empty sets 


n n 
I= į 0 mn) € | [Q:: X nsr 
i= i=l 


n+m n+m 
J = 4 (Mm41.°** , Yntm) € I] Qj: 5 yj =r 
j=n+1 j=n+1 
3. Denote with (y1, --- , Yn) the orthogonal projection on the convex set Z of the 
point (T61, --- , rOn) and with (Yn+1,*** , Yn+m) the orthogonal projection on 
the convex set J of the point (T@n4.1,--- , TOn+m). 
4. For every i € {1,--- ,n}, define u; either by uio if f(uio) = yi, or by the 
solution to f(u) = y; such that u; > o;. For every j € {n+ 1,---,n+m}, 


define u; either by ujo if f (ujo) = Yj, or by the solution to f(u) = y; such 
that u; < oj. Finally, define RS2,9 : [0, 1]"*™" — [0, 1]"*”" by 


RS?,9(U1,0; + , Un+m,0) = (U1, ++ , Un, Und, +++ , Untm)- (3.17) 
For a proof that such a family of Riemann solvers satisfies properties (P1), (P2), 
(P3), and (P4) see [144] or [139, Chapter 4]. 
3.2.3.3 The Riemann Solver RS3 
This example is based on the Riemann solver introduced for car traffic in [232] for 
modeling T-nodes. Consider a node J with n incoming and m = n outgoing arcs 


and fix a positive coefficient I’ z, which represents the maximum capacity of the 
node. The construction of the Riemann solver can be done in the following way. 
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1. Fix 0 € ©, where © is defined in (3.16). For every i € {1,--- , n}, define 
max max } 


T; = min {y; Vin 


then the maximal possible through-flow at J is 


T= yr. 
i=l 


2. Introduce the closed, convex, and not empty set 


L= 4 1, 5%) € | [[0, rA: $ vi = mintr, ra}. 
i=1 


i=l 


3. Denote with (y1,:-- , yn) the orthogonal projection on the convex set I 
of the point (min{T, T7}01,--- , min{l',y}6,) and set (Wm41,--:, Yan) = 
(Yi; +> > Yn). 

4. For every i € {1,--- ,n}, define u; either by ujo if f (uio) = Yi, or by the 
solution to f(u) = y; such that u; > o;. For every j € {n + 1,- ,n +m}, 


define u; either by ujo if f (ujo) = Yj, or by the solution to f(u) = y; such 
that uw; < oj. Finally, define RS39 : [0, 1]"™™ — [0, 1]"*”" by 


RS3 a (u1,0, +: , Unț+m,0) = (U1, ++- Uns Unti,*** ,Untm)- (3.18) 


In this way we have defined a family of Riemann solvers RS3, depending on the 
parameter 0. For a proof that such a family of Riemann solvers satisfies properties 
(P1), (P2), (P3), and (P4) see [144] or [139, Chapter 4]. 


3.3 Modeling Signalized Intersections 


This section is devoted to a specific problem of choosing traffic distribution 
coefficients: the regulation of signalized intersections. Some technical results will 
be stated without proofs, referring the reader to [165, 166]. 

Notice that a traffic signal can be interpreted as a special case of (3.1) with 
the control signal w taking values in a discrete set, e.g., {green, red}, and being 
piecewise constant. The main interest here is to approximate the problem with 
a continuous one, where the controls represent the traffic distribution coefficients 
corresponding to a given signal schedule. 

The main idea for continuous approximation is as follows. Fix a simple junction 
with two incoming roads J; and J) and one outgoing /3. The main parameter of 
the problem is the fraction, say n € (0, 1), of the signal cycle for which J; has a 
green signal, so that 1 — ņ is the fraction of red signal for /;. Then the continuous 
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approximation corresponds to assign a priority to J; so that the resulting fraction of 
the whole traffic flowing to 73, which is coming from J4, is equal to 7. For a fixed 
time horizon [0, T], all signal controls will be represented by periodic functions 
awi(-) : [0, T] > {0, 1} such that œw; (t) equals one if the signal is green and equals 
zero otherwise. We denote by A; € R+ the cycle length, i.e., the period of uj, 
assume it starts with green and let n; denote the green fraction. 

We parametrize road J; with the interval [a;, bj] C R, denote by f;(u) the 
fundamental diagram (i.e., flux function), by uẹ the critical density, where the flow 
is maximal C; = f;(uf), and by uJ@™ the maximal or jam density. The density on 
road J; is denoted by u;(t, x), for (t, x) € [0, T] x [a;, bi]. The demand D;(t) and 
supply S;(t) of the road are given by: 


i if u;(t, bi—) > uf 

hg i (8.19) 
a bi—)) if u;(t, bi—) < us 

ers fe if wilt, aiH) < uF iy 
fi(ui(t, ai+)) if uilt, a+) = u$; 


The notion of effective supply is of crucial importance to the articulation of signal 
models. 


Definition 13 (Effective Supply) Given any link J;, with downstream links {7}; : 


j=1, 2, --- , mj}, the effective supply for J; is defined as 
Sj (t 
E(t) = min | Cj, min | i H, (3.21) 
j=l,- mi aj, j (t) 


where aj, j (t) € Rt, satisfying Dia æi j (t) = 1, are the car turning percentages, 


C; is the flow capacity of the link /;, and S; is the supply function for Z}. 


The time-varying quantity €;(t) expresses the downstream receiving capacity 
available for J; if no signal controls is present. The superscripts “A” and “0” 
represent quantities associated with the on-and-off signal model and the continuum 
signal model, respectively. For given signal control œw; and effective supply €E; (t), 
the on-and-off model is expressed in terms of its downstream boundary condition: 


i = filui(t, bi)) = min Í Di(), wi (DEi(o} (On-and-off), 
(3.22) 


where f | i (£) is the exit flow, while the continuum signal model is given by: 


frei) = Aut, W) = min DO, mE} — Continuum). 63.23) 
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3.3.1 The Hamilton-Jacobi Representation of Signal Models 


Denote by N(t, x) the Moskowitz function, i.e., the number of vehicles passed by 
location x before time t. The function N(t, x) satisfies the following Hamilton- 
Jacobi equation 


aN(t, x) — f(-aN(t, x)) = 0 (t, x) € [0, T] x [a, b] (3.24) 
subject to initial condition and boundary conditions. We use a semi-analytic solution 
representation of the Hamilton-Jacobi equation (3.24), namely the generalized Lax- 
Hopf formula (see [21, 72]). To isolate a unique solution, we specify the initial 


condition Njn;(x), the upstream boundary condition N„p(t), and the downstream 
boundary condition Ngown(t) and the weak downstream boundary condition 


t t 
V4) = [ oeoa, va) = I n€(t) dt. (3.25) 
0 0 


For the same initial and upstream boundary conditions, the difference in the solution 
N(t, x) is bounded by the difference in the weak downstream boundary conditions: 


nav 


max we (t, x) — N%(t, x)| < max (3.26) 


te[0, t], xela, b] te[0, t] 


where N^ (t, x) and N? (t, x) represent the Moskowitz function corresponding to 
the on-and-off and the continuum models, respectively. Our aim is to compare 
the two signal models studying the convergence of the on-and-off model to the 
continuum model and determining an error bound on the continuum approximation 
error. For simplicity let us focus on the simple merge network depicted in Fig. 3.1, 
with incoming roads 71, J2 and outgoing ones 73. Let w(t) € {0, 1} and œ2(t) € 
{0, 1} be the on-and-off signals at the merge junction A, while w3 the one at location 
B. The presence of the second signal allows to study the effect of the spillback 
presented in Sect. 3.3.3. We focus on road J; being the analysis for / similar. 


Fig. 3.1 A signalized merge 
junction 
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3.3.2 When Spillback Is Absent 


We first focus on the case of no spillback at the merge junction A. Our analysis is 
valid for all fundamental diagrams which satisfy the following condition: 


(F) the fundamental diagram f(u) of each link is continuous and concave, and 
vanishes at u = 0 and u = u/@", 


The lack of spillback at A implies that road J; remains in free flow state, therefore 
the supply function $3(t) of I3 is equal to its flow capacity C3. The convergence 
result is given by the following: 


Theorem 21 Consider the merge junction of Fig. 3.1, a signal control w,(-) (for 
link I) with cycle length (period of w,) indicated by A4, and split parameter (i.e., 
green-red ratio) nı € (0, 1). Let Nup(t) and Ninj(x) be the upstream boundary 
condition and initial condition for (3.24) and N44(t, x) and N°(t, x) be the 
solutions with additional weak downstream boundary conditions V ^^ (t) and V(t) 
respectively, given in (3.25). If the entrance of link Iz remains in the uncongested 
phase, then NAA(t, x) > Nt, x) uniformly for all (t, x) € [0, T] x [a1, bı], as 
AA > 0. 


For practical purpose it is important to provide explicit formulas to estimate the 
error between the solutions produced by continuous and on-and-off signals. We have 
the following: 


Theorem 22 (Error Estimate Without Spillback) Consider the merge junction of 
Fig. 3.1 and conditions Nini (x) and Nup(t) for (3.24) on road I). Let NAA(t, x) and 
N°(t, x) be the solutions with additional downstream boundary conditions V ^4 (t) 
and V(t), given in (3.25). If the entrance of link Iz remains in the uncongested 
phase, then for all (t, x) € [0, T] x [a1, bı], 


N^ (t, x) — N°(t, x)| <n — 91) Aa min{Cy, C3} 
i (3.27) 
<7Aa min{C1, C3}. 


3.3.3, When Spillback Is Present and Sustained 


We turn now to consider the situation when spillback occurs at merge junction A and 
is sustained (i.e., not absorbed back by the junction for a large number of cycles). 
Such situation is called sustained spillback and is very common when the demand 
of roads I, and J is at high levels and not me by the supply of J. 

First we show analytically the lack of convergence for the case of a triangular 
fundamental diagram: 
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X 


O Gou3=Cs Ions 


C, Fouts 


\ v \ 
y = xe > — njam‘ — nc ' — jam * 
p= pl \p=pl"' p= \ p= p) 
\ \ \ 
\ 


-W 
37 


Fig. 3.2 Wave dynamics on /3 in congested phase for a triangular fundamental diagram. The 
dashed lines represent characteristics traveling backward at speed w3 


fy = vu ifu € [0, u°] (3.28) 


—wtu—ul@™) ifue (uf, ui", 


where v, respectively w, is the speed of the forward, respectively backward, 
propagating waves. Notice that V is also the free flow speed of cars. 

Let us first examine the dynamics on road 73. Since J3 is in congested phase, 
the characteristic lines with slope —w3 (the backward wave speed on 73) emit from 
the right boundary x = b3 and reach the left boundary x = a3 (see Fig. 3.2). 
When the light is red, the flow q3 exiting /3 vanishes, producing a jam density value 
is while when the light is green q3 is equal to the flow capacity C3 generating a 
density value u5 (the critical density on 73). As a result, the supply function $3(f) at 
the entrance of 73 fluctuates between 0 and C3, leading E; (t) to fluctuate between 0 
and min{C), C3}. 

The effective supply €) (t) does not have bounded variation as we send the signal 
cycle of w3(t) to zero. An example is obtained using resonant signals, i.e., w; and 
w3 such that $3(t) = C3 - wı (t). We get: 


t t 
f E\(t)a,(t) dt = f min{C], C3}- w (T) dt 
0 0 


t t 
= f min{C1, C3}-@,(t) dt = f E\(t) dt 
0 0 


t 
which does not converge to 71 I €\(t) dt (regardless of the cycle length A4). 


0 
The case of strictly concave fundamental diagram is completely different and 
we can establish convergence. Assume that f is a piecewise smooth function that 
satisfies, in addition to (F), 
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Triangular fundamental diagram 
S; (t) 


Strictly concave fundamental diagram 


0 T 0 T 


Fig. 3.3 Supply observed at the entrance of /3, First row: the triangular case; second row: the 
strictly concave case. First column: larger signal cycle; second column: smaller signal cycle 


f") <—b forsome b > 0 (3.29) 


for all u € [0, u/@”"] such that f is twice differentiable at u. Because of the genuine 
nonlinearity of the characteristic field, any waves bearing a flux variation, generated 
by signal control at the exit of the link, is reduced while propagating backward. We 
are not ready to state our main result, and refer the reader to the papers [165, 166] 
for detailed proof: 


Lemma 2 Consider the merge junction of Fig. 3.1, assume 13 parameterized by 
[0, L] and a strictly concave fundamental diagram f. Then the supply function 
53(t) converges to some constant SX uniformly as the cycle length of signal w3(t) 
tends to zero (Fig. 3.3). 


The main result for strictly concave case is as follows: 


Theorem 23 Consider a network with a fixed-cycle-and-split signal control at each 
node with a strictly concave fundamental diagram. Then the solution of this network 
converges to the one corresponding to the continuum signal model, when the traffic 
signal cycles tend to zero. 


For the error estimation we have the following: 


Theorem 24 (Error Estimate with Sustained Spillback) Consider the setting 
and notations of Theorem 22, with road lz subject to sustained spillback. If the 
fundamental diagram of I; is triangular, then 
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NA4(t, x) — N’, x)| < mC — 1) Aa min{C), C3} 
(3.30) 


+ min{C;, C3} nf, 


where Cı and C3 denotes the flow capacity of link I; and h respectively. If the 
fundamental diagram of 13 is strictly concave, then 


waa x) — Me, | minen s (o (z) | mt 
L/w + Ag (3.31) 


+m — 71)Aa4 min{C), C3} 


forall (t, x) € [0, T] x [a1, bı], where NAA(t, x) and Nt," x) are the Moskowitz 
functions with the on-and-off model and the continuum model, respectively. Here 
Ap denotes the cycle length of w3(t). 


The next proposition is an immediate consequence of (3.31) and provides useful 
information on the accuracy of the continuous approximation: 


Proposition 5 Assume a strictly concave fundamental diagram f for I3. When 
spillback occurs, the approximation error INA(t, x) — N°G, x)| decreases with 
larger length L3 of I3, and/or with smaller signal cycle Apg. Moreover, the size of 
the error is determined only by the congested branch of the fundamental diagram. 


3.4 Control for a Freeway Model 


This section deals with control problems in case of a freeway model with on-ramps 
and offramps. This kind of problem has been studied by several authors; see, for 
example, [153, 247, 248] and the references therein. 

More precisely, we fix a terminal time T and we consider a finite-horizon control 
problem on the time interval [0, T]. 


3.4.1 Freeway Model 


We consider a freeway road and we model it with a sequence of N piece of roads, 
called links and labeled by an index £ €e {1,..., N}. Attached to each link, an 
onramp and offramp are present. 

A discretized version of the Lighthill-Whitham-Richards model [224, 249] 


d, ue (t, x) + Ox f (ue (t, x)) =O, (3.32) 
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Fig. 3.4 The flux function f, fr 
defined in (3.33) 


f max [7-777 7 


vu w(Umax = u) 


along each link J is used. We recall that in (3.32) ue (t, x) represents the density of 
vehicles on link /¢ at time ft and position x, and f gives the relationship between the 
density and the flow of vehicles, a relationship usually called fundamental diagram. 
Here we assume that the flux function f : [0,umax] — R has the following 
triangular form [100]: 


fl) = min {vu, W(Umax — U), fmax} F (3.33) 


where v, W, Umax, and fmax are characteristics of the freeway; see Fig. 3.4. 

The discrete model used here is inspired from those developed in [117, 247] 
and it is suitable for ramp metering applications. The discretization of (3.32) is 
composed by T time steps, N spatial cells or links, and N on-ramps and offramps. 
It is developed through a Godunov-based scheme [154, 206]. 

The state of cell Jp € {1,..., N} at the numerical time k € {1,..., T] is denoted 
by u [£, k], while the number of vehicles on the adjacent onramp is given by / [£, k]. 
Moreover, we use the following additional functions: 


e ô[£, k]: Maximum flow of vehicles exiting link J. 

° o [£, k]: Maximum flow of vehicles entering link Ze. 

e d[£, k]: Maximum flow of vehicles exiting onramp at link Je. 

e ™aX: Physical capacity of on-ramps. 

+ fP [é, k]: Actual flow entering link Jp. 

e ft, k]: Actual flow exiting link F. 

e r[£, k]: Actual flow exiting onramp Ze. 

e P[£,k]: Fraction of total flow from link Ze entering link Jp; as opposed to 
offramp of link Ze. 

e p: Fraction of mainline flow given priority over onramp flow when merging in 
congestion. 

e D[£, k]: Flow entering onramp of link Je. 


Denoting with Ax and At respectively the space and time steps, the discrete 
system for (3.32) evolves from time k to k + 1 according to the following rules. 


ô [€, k] = min {vu [£, k], fmax} (3.34) 
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o [£, k] = min {w (u™* — u [£, k]) , fmax} (3.35) 
dé, k] = min {1 [£, k] /At, r™™]} (3.36) 
fP [£, k] = min {o [£, k], d [£ — 1, k] + £ [£, k] ô [£, k]} (3.37) 
_ pf” (e+ 1, k] 
Outre k= fP [€+1, kl-dl€+1,k] .. f+ 1,4] 
fo [é, k] : A if Tr >d[€+1,k] 
pf (e+ 1,k] 
oS otherwise 
(1+ p) BLE, k] 
(3.38) 
r [£, k] = fP [£, k] — BIG f™ [£, k] (3.39) 
At / i 
u [£k +1] = u [£ k] + 2 Ci (2, k] — f™ fe, k]) (3.40) 
Ax 
L[£, k +1] = 1[£, k] + At (D [£, k] — r [£, k]). (3.41) 


Equations (3.34)—(3.41) model the merging of onramp and mainline flows, as well 
as the propagation of congestion waves across the freeway network. The freeway- 
onramp-offramp junction shown in Fig. 3.5 gives a spatial relation of the state 
variables. 

We also introduce a discrete control parameter w [£, k] € [0, 1], which represents 
a scaling factor on the demand of onramp related to /¢ at time step k. To this aim, 
we modify Eq. (3.36) in the following way 


d [£, k] = œ [£, k] min {7 [€, k] /Ar,r™*} (3.42) 
I A Iei 
— 
ull, k] ull +1,k 
Ue, k] = Ble, k] 
[é, k] 
onramp offramp 


Fig. 3.5 A freeway-onramp-offramp junction. At time step k, the upstream mainline density 
u [£, k] at link Je and onramp queue /[, k] merge and either exit the offramp with a split-ratio 
of (1 — £) or continue onto the downstream mainline at link J¢4;. The control w [£, k] scales the 
total demand from onramp d [€, k] by a factor between 0 and 1 
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3.4.2 Optimal Control Problem 


Using the model of Sect. 3.4.1, we develop a method to compute a control w [£, k] 
for the ramp metering policy, over all the space indices £ € {1,..., N} and time 
k € {1,..., T}, which minimizes, or at least reduces, some specified objective. 

More precisely, we consider the minimization of a function, which depends 
explicitly on the control variables w and on the state variables u. Note that the state 
variables u depend on the control variables w. It is possible to rewrite all the discrete 
Eqs. (3.34)-(3.35) in the compact way as 


H (u, œw) = 0. (3.43) 


Given some cost functional J (u, œ), the goal is to find an optimal control œ* such 
that, denoting with u* the corresponding optimal state, we have 


J (u*, o*) = min J (u, œ) (3.44) 
w 
H (u*, w*) =0. (3.45) 
We compute the gradient of J with respect to the control variables œw, subject 


to the H constraints (3.45). Referring to the works [148, 160, 270], the generalized 
gradient of J is 


ðJ (u', a’) du 7 aJ (u', a’) 


Vod (w, a’) = 3.46 
j (u p ) ðu do Jw ese) 
By (3.45), the gradient of H with respect to w is always zero and so 

VoH = Hyd ut+ Hy = 0. (3.47) 


Adding last equation to (3.46) as a Lagrange-like multiplier: 
VoJ = Jıdou + Jo tal (Aydt + Hy) = (Ju + A7 Hu) dau + (Jo a AT He) 
Choosing à such that (Ju + AT Hu) = 0, we deduce that 

VJ = (i ca AT Hy) such that: HA = —Jy. (3.48) 


The system of equations (3.48) is called discrete adjoint system, and we refer to 
[248] for a comprehensive description of the computation of the adjoint equations 
for ramp metering. Here we focus on an example focused on a specific application. 
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185 
(Max) 


— 68 
(Critical) 


7:00 am 7:30 8:00 8:30 9:00 am 
(a) Simulation with no metering. 


- a ETE ae : EEE i l 
(b) Trade-off: œ = 0.3 (c) Trade-off: œ = 0.5 (d) Trade-off: œ = 0.9 


Fig. 3.6 (a) Depicts a space-time diagram of vehicle densities on 19.4 mile stretch of 115 Freeway 
with no ramp metering. The box objective, and example of congestion-on-demand, is applied in 
(b)-(d). The user specifies a “desired” traffic jam between postmile 4.5 and 14, for a duration of 
20 minutes between 8:20 and 8:40. For this, the œ parameter (introduced in Eq. (3.52)) enables the 
proper design of tradeoffs in the objective 


3.4.3 Numerical Example 


We will now apply the tools of adjoint-based finite-horizon optimal control and 
multi-objective optimization from the previous section to the case of coordinated 
ramp metering attacks. Congestion-on-demand describes a class of objectives where 
an attacker wishes to create congestion patterns of a specific nature. The attacks 
use a macroscopic freeway model of a 19.4 mile stretch of the 115 South Freeway 
in San Diego California. The model was split into 125 links with 9 on-ramps and 
was calibrated using loop-detector measurements available through the PeMS loop- 
detector system [182]. Figure 3.6a is a Space-time diagram of the I15 freeway. 
There is no ramp metering control applied to the simulation in Fig. 3.6b, i.e., the 
ramp meters are always set to green. In order to achieve the congestion-on-demand 
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objective, we need to create a class of objective functions able to represent any jam 
pattern on the freeway. The method chosen is to maximize the traffic density where 
we want to put the congestion, while minimizing it everywhere else. 

For every cell density value at position i and time k, we assign a coefficient 
ak € R. We can then define the corresponding objective function: 


N T 
J@,p)=9 J af pli,k]. (3.49) 


Then, the box objective creates a box of congestion in the space-time diagram, i.e., 
congestion will be created on a specific segment of the freeway during a user- 
specified time interval. As there are two competing goals (maximize congestion 
in the box, minimize congestion elsewhere), the following two objective functions 
need to be considered: 


fi@py=- DO plik], (3.50) 
(i,k)€Box 

and fo (u, p) = 5 pli, k]. (3.51) 
(i,k)gBox 


To solve this multi-objective problem, a single parameter a € [0, 1] is introduced 
and the following objective function is minimized: 


Ja (U, p) =a fi U, p) + 1 — æ) f u, p), (3.52) 


where a is a trade-off parameter: œ = 1 is complete priority on the congestion inside 
the box, while œ = 0 is complete priority on limiting density outside the box. 

The results of the box objective are presented in Fig. 3.6b-d. The box of the 
objective is shown as a black frame with an actual size of 10 miles and 20 minutes. 
As the trade-off moves from a = 0.3 to 0.9, there is a clear increase in the 
congestion within the box, at the expense of allowing the congestion to spill outside 
the desired bounds. In fact, Fig. 3.6d (a = 0.9) activates the bottleneck near the 
top-left of the box earlier than Fig. 3.6b (œ = 0.3) to congest the middle portion of 
the box, which leads to a propagation of a congestion wave outside the bounds of 
the bottom-right of the box. 


3.5 Optimal Control on Boundary and Flux Constraint 


In this part we consider a stretch of road on which the controller can act on the 
upstream inflow and at a given point of the road by limiting the flow. We deal with 
the control problem 
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3u + 0x f(u) =0 (t,x) € Rt x Rt 
u(0, x) = uo(x) x eR+t 

f (u(t, 0)) = wolt) te Rt 
f (u(t, Xc)) < welt) teRt, 


(3.53) 


where ug denotes the initial condition, wo is the inflow control at x = 0, and we is 
a time-dependent control imposing a flux constraint at a given position xe > 0. The 
flux f is a function satisfying condition (F). Solutions to (3.53) are to be intended 
according to the following definition. 


Definition 14 A function u € C° (R*; L©(R*; [0, 1])) is a weak entropy solution 
to (3.53) if the following conditions hold. 


1. For every test function g € C} (R?; R*) and for every k € [0, 1] 
+00 +00 
f l (lu — k| 0; p + sgn(u — k) (f (u) — f(k)) 0x p) dx dt 


+ [ © san (fz 00) = K) (Putt, 04) = £09) gt, 0) dt 


oe nee c(t) 
+f uo — k1 p(0,xy dx +2 f (1- ) Feet, xo)ar = 0, 
0 0 fæ) 


where fz is defined in (3.3). 
2. For a.e.t € R*, f (u(t, xe—)) = f (u(t, xe+)) < e(t). 


The above entropy condition is inherited from the entropy condition for conservation 
laws with space-discontinuous fluxes, see, e.g., [187, Definition 1.2]. For alternative 
equivalent definitions, see [17]. 


Remark 7 In Definition 14 we denote by u(t, x<+) the measure theoretic traces of 
u, which are implicitly defined by 


1 +O fXetE 
lim :/ f |u(t, x) — u(t, Xc-+)| p(t, x) dx dt = 0 
e>0+ € Jo Xe 
1 +00 Xe 
lim :/ f lu(t, x) — u(t, x-—)| p(t, x) dx dt = 0 
e>0+ € Jo Xe—E 


for every ọ € Cc (R?; R). Note that both traces at xe exist and are finite, by [16, 
Theorem 2.2]. 


Before stating the well-posedness result for (3.53), we need to introduce the domain 


D= fu € L! (Rt; [0, 1]) : sga(u — 0)(f(o) — f (u)) € BV(R*: R)} 
(3.54) 
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Theorem 25 Let (F) holds. Fix uo € D and wo,we € BV (Rt; [0, FN). 
Then there exists a unique solution u = u(t, x; uo, w0, wc) to (3.53) in the sense 
of Definition 14 and, for every t € RF, u(t, -; uo, %0, @) € D. 

Moreover, if uo, uy € D, œo, wc, w, @ € BV (Rt; [0, FON), then, for every 
t > 0, the following Lipschitz estimate on the corresponding solutions u, u' holds: 


CORRAU) luee < |o- Wo lLiget:R) + |oo- olli qoe (3.55) 
+2 foc =@, litioa f 


For a proof see [79]. 


3.5.1 Optimal Control Problems 


In this part we deal with optimal control problems related to (3.53). More precisely, 
in the next paragraphs, we consider some cost functional, motivated by applications. 


Queue Length Assume that at position x, an obstacle reduces the traffic flow 
and consequently creates a queue propagating backwards. In this situation, it is 
reasonable that we (t) = œc, i.e., the flow at x, due to the presence of the obstacle is 
constant in time. Introduce, for every u € D, the congestion set 


Cu = {x € [0, xel: sga (E+) — 0 )(f(o) — f U)) = f(o) — @ ae. E € [x, xL}. 

(3.56) 
The set D either is empty or is a real interval and represents the locations before the 
obstacle where the traffic flow is at the maximum level allowed by @,. The definition 
of the queue length functional Jo, is straightforward: 


Jor: D —> Rt 
Xc —infC, if C, AG 3.57 
} e= infCu if Cy A (3.57) 
0 if C, = Ø. 
As pointed out in [79, Proposition 2.5], the cost functional Joz is upper semi- 
continuous with respect to the L! topology, but not lower semicontinuous. The 
consequence is that there exists a control which maximizes the queue length. From 
the application point of view, it is reasonable to look for a control minimizing 
JoL. Unfortunately, the regularity properties of Joz are not sufficient to prove the 
existence of a minimizing control. 


Stop and Go Waves The phenomenon of stop & go waves is well documented in 
engineering literature; see, for example, [189, 266]. The minimization of such waves 
is an important criterion for management of traffic. 

The cost functional Jsgg, for T > 0, is defined by 
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Jsag : D — Rt 


T pto (3.58) 
u —> f 1 p(x)d|ðx v(u)| dt, 
0 0 


where p(x) € [0,1] is a given weight function, and i p(x) d|d, v(u)| dx 
measures the total variation of the velocity v. By assumption, v is a Lipschitz 
continuous function; this implies that the function x > v(u(t, x)) has finite total 
variation. 


Proposition 6 The functional Jsgg : D — Rt, defined in (3.58), is lower 
semicontinuous with respect to the L! topology. Moreover, given uy € D andT > 0, 
there exist wor, we?! € BV(R*; [0, f(o)]) such that 


Js&g uP’) = min JsaGu), (3.59) 
0,@c€BV(Rt;[0, f (o)]) 


where u°?' denotes the solution to (3.53) with initial condition ug and controls 
o, oP, while u is the solution to (3.53) with initial condition ug and controls 


w0, Wc- 
For a proof see [80, Lemma 2.1]. 


Travel Time The travel time represents a key quantity for drivers to be minimized. 
Assume that x > xe is the final destination for drivers starting their trip at x = 0. 
For simplicity, we also suppose that the initial condition uo = 0. The total quantity 
of vehicles entering the road in the time interval [0, T] (T > 0) is given by Qin = 


SE wo (t) dt. Then one can consider the following cost functionals 


l o tf (u(t, x)) dt (3.60) 
Qin 0 


JTT, (0, @c) = 


HOO 


I 
ITT, (00, Oc) = =Í t [f u(t, x)) — f (u(t, 0))] dt. (3.61) 


The following result holds. For a proof see [79]. 


Proposition 7 The functionals Jrr, and Jrr,, defined in (3.60) and in (3.61), are 
Lipschitz continuous with respect to wy and wc. Moreover, given uy = 0, T > 0, 
and X > Xc, there exist we ; oP" 3 o”, wor” € BV(R*; [0, Ff (o)]) such that 


Jra ug", ue) = min Jrr (u) (3.62) 
w0,@cEBV(R*;[0, f (0) 
Jpn ug”, ud’) = min Jrn (u). (3.63) 


w0, wc EBV (R+; [0, f(@)]) 
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3.6 Optimization of Travel Time on Networks via Local 
Distribution Coefficients 


In this section we show that optimizing the local traffic distribution coefficients, i.e., 
solving an optimization problem for the control system (3.1), allows us to find good 
sub-optimal solutions to the minimization of the travel time over large networks. 
The results contained in this section are from [64—66, 231]. 

The analytic treatment of an arbitrary network is beyond reach, due to the hybrid 
nature of the problem, having a continuous evolution and discrete set of parameters. 
We follow a strategy consisting of the following steps: 


Step 1. Compute the optimal parameters for the asymptotic behavior of simple 
networks formed by a single junction. 

Step 2. For a complex network, use the locally optimal parameters at every 
junction with a sample-and-hold technique: the current values of data at junctions 
are used and updated whenever they significantly change. 

Step 3. Verify the performance of Step 2 comparing, via simulations, with other 
control strategies. 


The first step is a hard task even for simple junctions; thus we focus on two 
special cases: the 2 x 1 case with two entering and one exiting road; and the | x 2 
case with one entering and two exiting roads. For the first type of junction, one has 
only one right of way parameter g and we can solve the problem for different cost 
functionals. The second type of junctions has no right of way parameters and only 
one traffic distribution coefficient œ. This case is even more complicate and so we 
address the issue only for a specific cost functional. 


3.6.1 Optimization of Simple Networks 


Consider a simple network with a single junction with n incoming roads J; and m 

outgoing ones Ij. We start performing a heuristic computation of expected traffic 

load. 

Denote by coy, with g € {1,...,n} and y € {n+1,...,n +m}, the flux from 

source Jy to destination Jy. Then, the following traffic load are expected on the 
nym n 

roads: Ug = 5 Coy On road Ig and uy = J. coy on road Iy. Our strategy is 
=n+1 =1 

as follows: k- Ug and uy as initial data, solve the corresponding Riemann Problem 

at the junction, determining the density values #@ = (@1,..., %p4m) at the junction, 

and use them as expected asymptotic values on the roads to optimize the expected 

travel times. Consider the following cost functions: 


3.6 Optimization of Travel Time on Networks 63 


with Voy = vy + vy, where vg = u(y) and vy = v (iy) are the velocities 
on roads I, and Iy, respectively. Notice that J; gives the average speed over the 
network, Jz the average travel time, while J3 the averaged travel time weighted by 
the flow. We aim at maximizing J; and J3, and at minimizing J2 with respect to the 
traffic distribution parameters. 

We start considering the case of n = 2 incoming roads and m = | outgoing ones, 
representing a merging. Then, the dynamics is determined by fixing a right of way 
parameter q € ]0, 1[; see Appendix B. To state our main results we need to introduce 
some notation: uc is the critical density where the flux is maximized, y/"“* indicates 
the maximal flux on road J;, q1 = q and q2 = 1 — q. For incoming roads we set: 
=l if ug < uc and yp™ + yy < ya ™, 

Or Ug < Oye <p + yg; and q3 = vgs 
+1 if uọ = uc, 
or Ug < o, no < yio ™ + yo 


Sy = 
2, ’ and 1o73 < Ve 
and for the outgoing one: 


—1 if u3 < uc, 
s3 = or u3 > Me, yp + yy < y3™; 
+1 if ug > uc, yp + yy = yg. 


For the simple case of the merge, the functional J3 does not depend on the choice of 
the right of way parameter g, while we can explicitly find the optimal ones for the 
functionals J; and J2, (see [64]): 


Theorem 26 Consider a junction J withn = 1 incoming road and m = 2 outgoing 


roads and define: k~ = ae, kt = io The cost functions J, and J2 
F c 2 


are maximized for the same values of q, given by 
1. for sı = s2 = +1: 


(a) qe [o zE] ifk> <1 < kt, with kkt > 1, orl <k” < kt; 
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re [o. pelu |r 1 fk” <1 <k*, with k-k* = l; 
(o) q e [i L iK sls kt, with Kkt < 1, ork” <k? < 1; 


2. for sı = s2 = — 1: 


(a) q E€ [0. | , if k7 < 1 <k , with k kT < 1, or k~ < k*t < 1; 
(rg [0 rele | na il, ifk7 <1 < k*, with kkt = 1; 


(c) q e[n] e sisk with k-k* > 1, or1 <k- < kt; 


3. for sı = —1 = —s2:: q [de 1]; 


4. for sı = +1 = —s2: q E [o 


1 
> 1+kt | 

Let us now pass to the case of n = 1 incoming road and m = 2 outgoing roads, 
representing a bifurcation. Let œ denote the fraction of traffic flowing from road J 
to road J (while 1 — a is the fraction flowing to road 73). The optimization of the 


functionals J; and J> are similar to the case of merge, while for J3 we have the 
following (see [64]): 


Theorem 27 Define: 


max 


a 
i re 


Qı 


If 


(3.64) 


then the maximal value for J3 is obtained for all the values of a so that (3.64) holds 
true with a replaced by a. In the opposite case, J3 is maximized only for a = a. 


3.6.2 Simulations of Two Urban Networks 


In this section we use the results stated in Section 3.6.1 to optimize traffic on two 
urban networks: the first one is a large traffic circle in Rome (Italy), while the 
second is a small network located in the urban area of the city of Salerno (Italy). 
More precisely, our first network represents the large traffic circle of the Re di 
Roma Square. Such network experiences high traffic and congestion every day, also 
because of the heavy traffic load in the morning rush hours. The square becomes 
completely stuck with large delays for users. The second network is given by a 
junction on Via Parmenide, also experiencing high traffic also due to a particularly 
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Fig. 3.7 Topology of Re di Roma Square (left) and Via Parmenide crossing in Salerno (right) 


long red cycle for an incoming road. The result illustrated in this section were 
developed in [65]. 

Our aim is to show the effectiveness of the approach also by comparison 
with other control algorithms, including random ones. Beside the cost functions 
introduced in Sect. 3.6.1 we will consider stop and go waves so the functional Js&G 
introduced in (3.58). We consider the case p(x) = 1 and the flux f(u) = ui — u) 
thus we can rewrite: 


T 
Isao = f / |Dv(u)| dt dx, 
0 Uli 


indeed the variation of u is equivalent to that of v(u) = 1 — u. This cost function 
provides also a measure of safety, since velocity differences are responsible for 
many accidents. 

The Re di Roma Square network consists of junctions with two incoming and one 
outgoing roads (2 x 1 junctions) and junctions with one incoming and two outgoing 
roads (1 x 2 junctions). For the latter we consider distribution coefficient given by 
the road maximal capacities, while we optimize over right of way parameters of the 
latter. Figure 3.7 (left) illustrate the topology of the network: 2 x 1 junctions (1, 3, 
5, 7,9, 11) are in white, 1 x 2 junctions (2, 4, 6, 8, 10, 12) are in black. 

The second network consists of a small area of the Salerno urban network, 
see Fig. 3.7 (right). We are particularly interested in the signalized junction, denoted 
o, with two incoming roads and one outgoing road. One incoming road, i.e., a — o, 
is very short and connects Via Picenza to Via Parmenide. The traffic light cycle 
is of two minutes, with green phase of only 15 seconds for incoming road a — o. 
Accordingly we set the right of way parameter as follows: 
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Fig. 3.8 Time evolution of cost J2 for different control policies (left) and zoom (right) 


for road b — o, while for road a — o 


q = 1 — p = 1 — 0.875 = 0.125. 


Simulations are performed over a time interval of T = 30 minutes, with flux 
function given by f(u) = u(l — u). At the initial time, roads are empty, thus 
the density is set to zero. For the first network, we consider the inflow values 
of 0.3 and 0.75, while for the second network the inflow value is 0.8 for roads 
entering junction o and 0.3 for the outgoing ones. We compare three cases: (1) 
right of way parameters optimizing the cost functionals Jj and J2 called optimal 
case; fixed right of way parameters, called fixed case) choosing p = 0.2 for 
first network and p = 0.875 for the second; dynamic random parameters, called 
dynamic random case, with parameters randomly sampled with uniform distribution 
at every time step. Figure 3.8 illustrates the time evolution of the cost functional 
J2 for the first network and the different choices of the right of way parameters. 
Such choices reflect different traffic control policies. The fixed control policy is 
very poorly performing, while the other two are comparable with the optimal one 
slightly preferable as shown in the zoomed area Fig. 3.8 (right). Even if the two 
policies, optimal and random, perform similarly, we can capture the difference in 
traffic patterns by looking at the functional Jsgc, representing the smoothness of 
traffic, see Fig. 3.9. The optimal policy significantly outperforms the others. On the 
other side, the dynamic random choice may generate high oscillations, which in turn 
compromise safety. For the second network, we consider the cost function J1, whose 
time evolution is depicted in Fig. 3.10. The optimal control policy outperforms the 
others with an advantage of around 20% in terms of Jı values. For the dynamic 
random choice J; converges numerically to the value corresponding to the fixed 
parameters p = 0.5 (see [65]). This can be understood as follows. Since the flux is 
given by f (o) = e(1 — p) we have: 


1 1 
Ji (p) =x zy! Acp zy! 4c (1 — p), 
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Fig. 3.10 Time evolution of cost function J; for the second network (left) and zoom (right) 


where x and c > 0 are constant, not depending on p. Therefore, d/p) > 0 if and 
only if p € [0.5, 1]. In other words, the dynamic random choice approach the worst 
choice in terms of J4. 


3.6.3 Emergency Management 


We now turn to another optimization problem by focusing on emergency situation. 
The results in this section were developed in [231]. 

In heavy loaded network it is important to create safe corridors for emergency 
vehicles, see Fig. 3.11 for a pictorial presentation of the problem. More precisely, 
we consider a network made of junctions, each with two incoming and two outgoing 
roads. Then the dynamics is determined by the traffic distribution coefficients, called 
a and f (see Appendix B). Naming incoming roads as J; and J and outgoing ones 
I; and 74, @ is the percentage of traffic from road J; going to road /3 and similarly 
B is the percentage of traffic from road J2 going to road J. 

The emergency vehicles are assumed to follow a velocity function given by: 


w (u) = 1 — ô + ôv (u), (3.65) 
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Fig. 3.11 Cartoon representation of a car accident on a road network and the creation of a safe 
corridor for emergency vehicles via regulation of the traffic distribution coefficients 


with 0 < 6 < 1, v@) = u(l — u) being the velocity of regular traffic. Since 
w (Umax) = 1 — 6 > 0, the emergency vehicles travel faster than other vehicles. 
The general problem we aim to solve is the following. Given a junction with n 
incoming roads, say ly, gp = 1,...,n,, and m outgoing ones, say Iy, Y = n+ 
1,...,n + m, and initial data (ugo, Uy,0)s we aim to maximize the cost: 


Woy (t) =f w (uy (t, x)) dx +f o (uy (t, x)) dx. 
I 


Ip y 


which gives the traveling time of emergency vehicles on the specific corridor formed 
by incoming road Jy and outgoing one Iy. As above, we consider the asymptotic 
state of the Riemann Problem to solve the optimization. 

Focusing on 2 x 2 junctions, with 71,2 incoming roads and 73,4 outgoing ones, for 
sufficiently big time T we get: 


sa ba ô = = 
Woy (T) =o (iy) RA w (iy) =2—-6 7 (spy 4Yp + syy 1 — 4, ) > 
(3.66) 
where sy and sy are defined as: 


+1, ifugo > 5, Orugo < 5 and Va > Yp» 
Sg = 7 A 
á —1 ifugo < 5 and yo" = Yo, 
+1, ifuy.o > 5 and yp” = Py, 
v=) ifuyo < 7 Or Uyo > 5 and Vy > Py- 
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Table 3.1 Initial conditions 


. . Ua,O |Ub,0 | Uc,O | Ud,O 
for the three simulation cases 


Case A |0.15 |0.6 |0.8 | 0.9 
Case B |0.15 |0.6 |0.9 10.8 
Case C |0.25 |0.1 | 0.85 | 0.95 


Fixing, without loss of generality, the safe corridor given by g = 1 and y = 3, we 
get: 


sa A ô = = 
W: 3 (T) = @ (ù) +0 (3) = 2— ô — (v1 — 47i + 53/1 —- 473) . 8.67) 


We can find optimal values of the traffic distribution coefficients (see [231]): 


Theorem 28 Consider a junction with incoming roads, I; and h and outgoing 
ones 13 and I4. For T sufficiently big, the cost W,3 (T) is maximized by the traffic 


max max 
distribution coefficients pp, = 1 — ax and any Bopt € |o. 1- Kaa |, with the 
exception of the following two cases. 
If yy" < yg" then there is no optimal value, but the minimum is approximated 


by œ = & and Bopt = €2, for €, and £2 small, positive and such that £1 # £2. 


Similarly, ify? > y3"*+y,"™, then there is no optimal value, but the minimum 
max max 
is approximated by a = -mw — £1 and B = -me-a — £2, with £12 as for 
Y3  +Y4 Y3 V4 i 


the first case. 


To test the effectiveness of the control prescribed by Theorem 28, we compute 
the cost function evolution and compare with random coefficients, i.e., parameters 
taken randomly when the simulation starts and then kept constant. More precisely, 
we consider three scenarios denoted by A, B, and C, with initial data reported 
in Table 3.1 and boundary conditions coinciding with initial data. The values 
prescribed by Theorem 28 are as follows: for case A, Gop; = 0.294118 and 
O < opt < Gop (we choose Bop; equal to 0.2); for case B, op: = £1, opt = £2; 
for case C, Mop; = 0.708571 + £1, Bopr = 0.708571 + £2. Figures 3.12, 3.13, and 
3.14 show the time evolution of the cost function Wa,c (t) and the values of Wa,c (T) 
as function of the two parameters œ and £ in cases A, B, and C, respectively, with 
ô = 0.5 and T = 30 minutes. The simulations confirm the optimality of the controls 
prescribed by Theorem 28. We also notice, especially in Fig. 3.14, that the optimal 
control may not achieve the best value for transient times, but do so for sufficiently 
large times. 
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The possibility of controlling the solutions to conservation laws on networks, by 
acting on the Riemann solvers through control parameters, has been addressed 
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Fig. 3.12 Case A, evolution of Wa,c(t); left: choice of optimal distribution coefficients (continu- 
ous line) and random parameters (dashed lines); right: 3D plots of Wa, (T) 


Fig. 3.13 Case B, evolution of W, c(t); left: choice of optimal distribution coefficients (continu- 
ous line) and random parameters (dashed lines); right: 3D plots of Wa, (T) 
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Fig. 3.14 Case C, evolution of Wa,c(t); left: choice of optimal distribution coefficients (continu- 
ous line) and random parameters (dashed lines); right: 3D plots of Wa, (T) 


3.7 Bibliographical Notes 71 


first in [144] in 2009. A different approach, based on solutions to boundary value 
problems, has been introduced in [10] in 2018. In the context of road traffic, the 
setting in [10] fits well with the minimization of travel time or of other meaningful 
functionals. 

The modeling and the (optimal) control of signalized intersections have been 
widely studied in literature, both from the mathematical [70] and engineering [147, 
250, 253, 276] point of view. The approach described in Section 3.3 is based on the 
papers [165, 166]; see also [139, Chapter 7.1]. 

In the case of freeways, ramp metering is a widely used strategy for controlling 
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for example, [37]. The use of feedback controls, in order to obtain a desired flow 
in the main line, has been studied in various papers [2, 237, 254]. The predictive 
metering strategy instead uses a model, possibly with uncertainties, for predicting 
the inflow over a finite time horizon, and consequently it deduces various policies for 
controlling the flow; see [121, 155, 194]. Section 3.4, based on the paper [247], uses 
the adjoint calculus for finding solutions to optimal control problem; see also [148, 
160, 270, 271]. 

Conservation laws with flux constraints have been introduced in [78, 140] in 
2007. In [78] the problem was presented by a control perspective and a well- 
posedness result was proved. In [140] the model was proposed for describing the 
situation of a bottleneck on a road. Various Riemann solvers have been introduced 
together with existence and uniqueness results. Generalizations on (possibly mov- 
ing) flux constraints both for scalar equations and for systems were considered in 
various papers; see [1 11-114, 137, 138, 145, 272]. 

For the optimization of travel time or other significant functional on networks via 
the choice of distribution of coefficients, see [64, 66, 231]. 
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Chapter 4 A 
Distributed Control for Conservation gag | 


Laws 


4.1 Introduction 


This chapter focuses on control of systems of conservation laws with distributed 
parameters. Problem with different parameterized fluxes is addressed: in particular, 
we deal with cases where the control is the maximal speed and look for continuous 
dependence of the solution on parameters. Various examples of conservation laws 
with distributed control are presented. The control, in this case, acts on the flux or 
on the parameters of the flux, as for example the maximal speed. 

In Sect. 4.2, we introduce the classical notions of Riemann Solver Semigroup 
solutions [51] and its stability [39]. 

Subsequently, in Sect. 4.3, we consider the case of variable speed limit computed via 
needle-like variation methods. Specifically, an optimal control problem for traffic 
flow on a single road using a variable speed limit is studied. The control variable is 
the maximal allowed velocity, which is a function of time with finite total variation, 
and the aim is to obtain a prescribed outgoing flow. More precisely, the main goal 
is to minimize the quadratic difference between the achieved outflow and the given 
target outflow. Mathematically, the problem is very hard because of the delays in 
the effect of the control variable (speed limit). In Sects. 4.4 and 4.5, following 
respectively [153] and [193], the problem of variable speed limit is analyzed by 
discrete-optimization methods for first and second order traffic models on networks. 
To set up the optimization problem, a cost functional is identified, while the 
constraints are given by the discretized LWR or Aw—Rascle—Zhang models. 
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4.2 Riemann Solver Semigroup and Stability 


This section deals with the notion of Standard Riemann Semigroup (SRS) for a 
strictly hyperbolic system of conservation laws in one space dimension and with the 
dependence of the solution on the flux. 


4.2.1 Classical Riemann Solver Semigroup Solutions 


Here we focus the attention on the following Cauchy problem for a strictly 
hyperbolic n x n system of conservation laws in one space dimension: 


ea 


u(0, x) = uo(x). (4.1) 


For initial data ug € L! (R; R”) with small total variation, Glimm’s theorem [152] 
provides the global existence of weak solutions. The well-posedness of (4.1) is 
contained in the following result, due to Bressan [54]. 


Theorem 29 Let Q C R” be an open set containing the origin, and let f : Q —> 
R” be a smooth map. Assume that the system (4.1) is strictly hyperbolic and that 
each characteristic field is either linearly degenerate or genuinely nonlinear. Then 
there exist a closed domain D C L!(R; R”), positive constants no and L, and a 
continuous semigroup S : [0, +oo[xD — D with the following properties: 


(i) Every function ug € L! (R; R”) with TV (uo) < no belongs to D. 
Gi) Forallug, vo E€ D, t, s > 0, one has 


lSruo — Ssvolly: < L (lt — s| + lluo — vollt: ) - 


Gii) If uo € D is a piecewise constant function, then for t > O sufficiently small 


the function u(t,-) = Suo coincides with the solution of (4.1), obtained 
by piecing together the standard self-similar solutions of the corresponding 
Riemann problems. 


The invariant domain D in Theorem 29 can be chosen in the form 


D=cl fu € L! (R; R”): u piecewise constant, V (u) + C - Q(u) < êo} ; 
(4.2) 
for suitable positive constants C and 59. Here V (u) and Q(u) denote the total 
strength of waves and the wave interaction potential of u, while “cl” denotes the 
closure in L!; see [51]. Following [50], we say that a map S with the properties (i), 
(ii), and (iii) of Theorem 29 is a Standard Riemann Semigroup (SRS). We remark 
that Theorem 29 is also valid in case of general 2 x 2 systems [53] and of special 
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systems with coinciding shock and rarefaction curves [48, 49]. Moreover, solutions 
can be obtained by viscous approximations as shown in the seminal paper [38]. 
The next result deals with the uniqueness of an SRS; for the proof, see [50]. 


Theorem 30 For a given domain D of the form (4.2), there is at most one 
continuous semigroup S : [0, +oo[xD — D satisfying conditions (i), (ii), and (iii) 
in Theorem 29. Moreover, if an SRS does exist, then the following properties hold: 


(iv) Each trajectory t +> u(t, -) := Suo is a weak entropy admissible solution of 
the corresponding Cauchy problem (4.1). 

(v) Let (uy)y>1 be a sequence of approximate solutions of (4.1), generated by 
a wave-front tracking algorithm or by the Glimm scheme with uniformly 
distributed sampling. Then, for every t > 0, 


mele luy (t) — Spuolly: = 0. 


(vi) Let u = u(t,x) be a piecewise Lipschitz continuous entropy admissible 
solution of (4.1) defined on [0, T] x R for some T > 0. Then u(t, -) = S;uo 
for allt € [0, T]. 


4.2.2 Stability of the Standard Riemann Semigroup 


In this part, we consider the dependence of the solution of Riemann problems with 
respect to the flux function f. According to Theorem 29, if f is a smooth function 
and the system 


du + dx f(u) = 0 (4.3) 


is strictly hyperbolic with each characteristic field either linear degenerate of gen- 
uinely nonlinear, then there exist a domain Df and an SRS Sf : [0, +oo[xDf > 
Df. We define by Hyp(Q) the set containing all the fluxes satisfying the previous 
assumptions. 

We introduce now a concept similar to a metric between fluxes in Hyp({2). To 
this aim, for every f € Hyp(), define the set 


Rf = {(u-,u*) EQxQ: ui Fx ut, u X(—-1,0) +utxo1) E pil A 


where x denotes the characteristic function of a set. Note that, if (u7, u”) ERS, 
then the Riemann problem 
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ð, u + dy f(u) = 0 


u` if x <0 
u(0, x) = et 


if x > 0 


admits an entropy admissible solution. Let f1, fọ € Hyp(Q) with D2 c DÊ, and 
let us define the “distance” between fı and fz as 


L’ 
(4.4) 


d(fi. h) = sup maA (üu) — SÊ (ta-u) )| 


(u7, ut )ERI2 |u+ =u 


where Ü (u-,u+) =U" X(-co,0) + ut X(0,-+00)- 
The next result, whose proof is contained in [39], is the stability estimate with 
respect to the flux functions. 


Theorem 31 Let fı € Hyp(&). Then there exists a positive constant L f, such that, 
for every f2 € Hyp(Q) with DÈ CDM, for allu € DÊ, and for all t > 0, it holds 


sf u— Siu 


t 
a SLf d(fi, f2) [ TV (sŻu) dt. (4.5) 


4.3 Needle-Like Variations for Variable Speed Limit 


This section is devoted to the specific problem of controlling traffic via variable 
speed limit. The main idea is the use of needle-like variations to compute the control 
policy as used in the classical Pontryagin Maximum Principle [55]. We study the 
following Initial Boundary Value Problem (IBVP): 


u, + flu, v(t))x = 0, (t,x) € Rt x [0, L], 
u(0, x) = u(x), x € [0, L], 

fit) = InG), 

frt) = ult, L) v(t), 


(4.6) 


where uo is the initial condition, fı (f-) is the left (right) boundary flow, In is the 
time-dependent inflow, and v(t) is the maximal speed and the control variable, see 
Fig. 4.1a. It takes value on a bounded interval v(t) € [Umin, Umax]. The flux function 
f : [0, umax] X [Umin, Umax] > R* is given by 


uv(t), ifO0 <u < ucr, 
; t = t . 4.7 
f(u, v(t)) v(t)Uer bet, tte ike. (4.7) 
Umax — Ucr 


see Fig. 4. 1b. 
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Fig. 4.1 Velocity and flow for different speed limits. (a) Velocity function. (b) Newell-Daganzo 
fundamental diagram 


4.3.1 Variable Speed Limit: Control Problem 


In this section, we introduce the mathematical framework for the speed regulation 
problem. Given an inflow In(t), we want to track a fixed outflow Out(t) on a time 
horizon [0, T], T > 0, by acting on the time-dependent maximal velocity v(t). A 
maximal velocity function v : [0, T] —> [Vmin, Vmax] is called a control policy. 

It is easy to see that a road in free flow can become congested only because of 
the outflow regulation with shocks moving backward, see [57, Lemma 2.3]. Since 
we assume Neumann boundary conditions at the road exit, the traffic will always 
remain in free flow, i.e., u(t, x) < Ucr for every (t,x) € [0, T] x [0, L]. Given 
the inflow function In(t), we consider the Initial Boundary Value Problem (4.6) 
with assigned flow boundary condition f; = f (u(t, 0*)) on the left in the sense of 
Bardos, Le Roux, and Nedelec, see [29], and Neumann boundary condition (flow 
fr = f(u(t, 0" ))) on the right. Let us make the following assumptions: 


Hypothesis 1 There exist 0 < uom z < ug < uc and0 < fmin < f such that 
uo € BV([0, L], [ug min. up“*]) and In € BV([0, T], (po PD). 


Hypothesis 2 We assume Hypothesis 1 and the following: 


m 
min at i 


Umax Umin 


Hypothesis 1 gives directly the following proposition: 


Proposition 8 Assume that Hypothesis 1 holds and 


v € BV([0, T], [Vmin, Vmax]). 
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Then, there exists a unique entropy solution u(t, x) to (4.6). Moreover, u(t, x) < ucr 
and, setting 


Out(t) = u(t, L)v(t), (4.8) 


we have that Out(.) € BV({0, T], R) and the following estimates hold: 


. | as , pues 
min fug", —] < u(t, x) < max hgs, |. for x € [0, L] (4.9) 
Umax Umin 
. . -n Umi P ay Ume 
min { uf" vnin, prin an | < Out(t) < max fup ums, Pe (4.10) 
Umax Vmin 


For the proof, we refer the reader to [116]. 


Definition 15 A Link Entering Time (LET) function t = T(t, v) is defined as the 
entering time for a car exiting the road at time t given a control policy v. 
For every tọ satisfying i, v(s)ds = L and for every t > fo, we get 


t 
f v(s)ds = L. (4.11) 
T(t) 


Such q(t) is unique, due to the hypothesis v > Vmin > 0. 


Remark 8 The function depends on the control policy v, but for simplicity we will 
write T(t) when the policy is clear from the context. Notice that LET is defined only 
for time greater than a given fg > 0, the exit time of the car entering the road at time 
t = 0, see Fig. 4.2. 


Fig. 4.2 Graphical 


representation of the LET dt 
function t = T(t, v) defined ae 
in (4.11) eo 
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From the identity 


T (t2) h 
f v(s)ds = f v(s)ds, 
T(t) ti 


we get the following lemma: 


Lemma 3 Given a control policy v, the function t is a Lipschitz continuous 
‘ ; : ; Umax 
function, with Lipschitz constant ——. 
Umin 
Recalling the definition of outflow of the solution given in (4.8), we get the 
following proposition: 


Proposition 9 The input—output flow map of the Initial Boundary Value Problem 
(briefly IBVP) (4.6) is given by 

v(t) 
v(t (t) 


Out(t) = In(t(t)) (4.12) 


For the proof, we refer the reader to [116]. Classical techniques of linear control 
cannot be used since the map (4.28) is highly nonlinear with respect to the control 
v. In fact, the effect of the control v at time ¢ on the outflow depends on the choice 
of v on the time interval [t (t), t] because of the presence of the LET map in formula 
(4.12). This clearly shows how delays enter the input—output flow map. We can now 
proceed to define formally the problem. 


Problem 1 Let Hypothesis 2 hold, and fix f* € BV({0, T], [f™", f™*]) and K > 
0. Find the control policy v € BV((0, T], [Umin, Umax]), with TV(v) < K, which 
minimizes the functional J : BV([0, T], [Umin, Umax]) —> R defined by 


T 
J(v) =] (Out(t) — fF* dt (4.13) 
0 


where Out(t) is given by (4.12). 


Remark 9 We point out that even if the problem is addressed in free flow condition, 

it is not possible to find explicit solutions to the problem. However, if In, Out, f*, 

and uo are constant in time, i.e., do not depend on time, the problem has a trivial 
* 


solution which is v = — that gives J (v) = 0. 
uo 


4.3.2 Needle-Like Variations 


In this section, we estimate the variation of the cost J(v) with respect to the 
perturbations of the control policy v. In this way, we can prove continuous 
dependence of the solution from the control policy. 
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Let us fix the notation for integrals of BV function with respect to Radon 
measures. 


Definition 16 Let ¢ be a BV function and u a Radon measure. We define 
[oe ducy = f odu E moe, 
i 


where y = Ue + Ži; mMiôx; is the decomposition of u into its continuous and Dirac 
parts. 


Remark 10 We recall that any Radon measure on R can be decomposed into 
its continuous (AC+Cantor) and Dirac parts, as a consequence of the Lebesgue 
decomposition theorem; for more details, see, e.g., [127]. 


We produce a variation of the value of v(-) on small intervals of the type [t, t + At] 
in the same spirit as the needle variations of Pontryagin Maximum Principle [55] 
and compute the variation in the cost. The analytical expression of variations will 
allow to compute analytically a gradient and hence to implement a steepest descent 
type strategy to find the optimal speed limit. 


Definition 17 Consider v € BV((0, T], [Umin, Umax]), with T sufficiently large so 
that to < t(T), and a time f such that t~!(0) = to < t < t(T) and v(t*t) < Vmax- 
Let Av > 0 and At > 0 be sufficiently small such that t + At < t(T) and 
v(tt) + Av < Umax. We define a needle-like variation v’(-) of v, corresponding to 
t, At, and Av by setting v'(s) = v(s) + Av if s € [t,t + At] and v’(s) = v(s) 
otherwise, see Fig. 4.3. 


Lemma 4 Consider v € BV([0, T], [vmin, Vmax]), and let v' be a needle-like 
variation of v. Then, it holds 


Fig. 4.3 Needle-like Ux 
variation of the velocity v 
v =v + Avl---- 
RR 
v No o| ser | 


t t+At i 
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. . J(v')— J(v) 
lim lim — = 
Av>0+ At>0+ Av 


= 2u’ (t, L~)v(t*) — 2u(t, L7) f* (17) + 
-f v((t + s(x))*) du? (t) + 2 | f* (it + 5(x))*)) dux(t)+ 
0,2] 10,0] 


In(t~) 
v(tt) 


v(t! (’)7) 


+2 Ga 


(ret - ma), 

(4.14) 
where integrals are defined according to (16). For Av < 0, the limit for Av > 07 
satisfies the same formula with right limits replaced by left limits in the two integral 


terms in (4.14). 


For the proof, the reader is referred to [116]. 
The results, shown in Lemma 4, allow us to prove the following existence result. 


Proposition 10 Problem (1) admits a solution. 


Proof The space Q = {v € BV([0, T], [Umin, Umax]) : TV(v) < K}N {v € 
L®([0, T], [Vmin, Umax]) : ||Ulloo < C} is compact in L!, see, e.g., [8], and J is 
Lipschitz continuous on Q, and thus there exists a minimizer of (1). o 


4.3.3. Three Different Control Policies 


In this section, we define three control policies for the time-dependent maximal 
speed v. The first, called the instantaneous policy (IP), is defined by minimizing 
the instantaneous contribution for the cost J (v) at each time. Then, we introduce 
a second control policy, called random exploration (RE) policy. Such policy uses a 
random path along a binary tree, which corresponds to the upper and lower bounds 
for v, i.e., V = Umax and v = Umin. 

Finally, a third control policy is searched using a gradient descent method (GDM). 
Compared with classical GDM methods, in this section, a different approach is used 
and the gradient is replaced with cost variations computed with respect to needle- 
like variations in the control policy. The key ingredient to define the third policy is 
the explicit computation of the gradient that was computed in [116], while the other 
two policies are chosen such that they will provide a fair comparison with respect 
to the state of the art. 


4.3.3.1 Instantaneous Policy 


Definition 18 Consider (1). Define the instantaneous policy as follows: 
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=, va) 
Oe Cre CB ned 4.15 
v( ) [Umin, Vmax] f ( ) In(t(t)-) ( ) 
where the projection Prynin,vmax] : R —> R is the function 
a forx <a, 
Pia n(x) := 4 x forx € [a, b], (4.16) 


b forx >b. 


4.3.3.2 Random Exploration Policy 


The random exploration policy is defined as follows: 


Definition 19 Given the extreme values for the maximal speed, Vmax and Vmin, and 
a time step Aż, the random exploration policy draws sequences of velocities from 
the set {Umax, Vmin} corresponding to control policy values for each At. 


4.3.3.3 Gradient Method 


We use needle-like variations and the analytical expression in (4.14) to numerically 
compute one-sided variations of the cost. We consider such variations as estimates 
of the gradient of the cost in L'. More precisely, we give the following definition. 


Definition 20 The gradient policy is the result of a first order optimization 
algorithm to find a local minimum to (1) using the Gradient Descent Method and 
the expression in (4.14), stopping at a fixed precision tolerance. 


4.3.4 Numerical Results 


In this section, we show the numerical results obtained by implementing the three 
different policies. The numerical algorithm for all the approaches is composed of 
two steps: 


1. Numerical scheme for the conservation law. The density values are computed 
using the classical Godunov scheme, introduced in [154]. 

2. Numerical solution for the optimal control problem, i.e., computation of the 
maximal speed using the instantaneous control, random exploration policy, and 
gradient descent. 


Let Ax and At be the fixed space and time steps, and set x j+! 


L= jAx, the cell 
interfaces such that the computational cell is given by C; = [x 


: x. . The 
j-4% 43] 
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1 
center of the cell is denoted by xj = (j — pas for j € Z at each time step 


t” = nAt forn € N. We fix J the number of space points and T the finite time 
horizon. We now describe in detail the two steps. 


4.3.4.1 Godunov Scheme for Hyperbolic PDEs 


The Godunov scheme can be expressed in conservative form as 


At 
uit = uh — (Pw wh, 0") — FO, v), (4.17) 


where v” is the maximal speed at time t”. Additionally, F u}, ui ME v”) is the 


Godunov numerical flux that in general has the following expression: 


n 
j+ 
n (4.18) 


` n i n 
MiNzefu” u” 1] f(z, v”) if ui <u 


F(u}, wis, v”) = 
+1 


MAK eeu" qu" f(z, v”) if ui 


For clarity, the maximal velocity was included as an argument for the Godunov 
scheme so that the dependence of the scheme on the optimal control could be 
explicit. 


4.3.4.2 Velocity Policies 


The next step in the algorithm consists of computing a control policy v that can be 
used in the Godunov scheme with the different policies. 


¢ Instantaneous policy 
At each time step, the velocity v"*! is computed using the following formula: 


* t” 
v”t! = v(t) = E (2 : y; (4.19) 
“g 


e Random exploration policy 
To compute for each time step the value of the velocity, a randomized path 
on a binary tree, see Fig. 4.4, is used. With such technique, we obtain several 
sequences of possible velocities. For each sequence, the velocities are used to 
compute the fluxes for the numerical simulations. We then choose the sequence 
that minimizes the cost. 


Remark 11 Notice that the control policy RE may have a very large total 
variation, and thus it might not respect the bounds on TV given in (1). Therefore, 
the found control policies may not be allowed as a solution of this problem. 
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Fig. 4.4 The first branches of the binary tree used for sampling the velocity 


However, this technique was implemented for comparison with the results and 
performances obtained by the GDM. 


e Gradient descent method First, numerically one-sided variations of the cost are 
computed using (4.14). Then, the classical gradient descent method [4] is used to 
find the optimal control strategy and to compute the optimal velocity that fits the 
given outflow profile. 


4.3.4.3 Simulations 


The following parameters: L = 1, J = 100, T = 15.0, ug = 0.5, Umax = 
l, Vmin = 0.5, and vmax = 1.0 are chosen. Moreover, the input flux at the boundary 
of the domain is given by In = min (0.3 + 0.3 sin(27 t”), 0.5). Two different target 
fluxes f* = 0.3 and f* = |(0.4sin(t2 — 0.3))| are used. The initial condition is 
a constant density u(0, x) = 0.4, and oscillating inflows to represent variations in 
typical inflow of urban or highway networks at the 24h time scale are given. 


Test I: Constant Outflow 


In Fig. 4.5, the time-varying speed obtained by using the three policies is shown. 
In each case, we notice that due to the oscillating input signal the control policy is 
also oscillating. From a practical point of view, a solution where the speed changes 
at each time step might be unfeasible, but these policies could be seen as periodic 
change of maximal speed for different time frames during the day when the time 
horizon is scaled to the day length. In Table 4.1, one can see the different results 
obtained for the cost functional computed at the final time for the different policies. 
The instantaneous policy is outperformed by the random exploration policy and by 
the gradient method. In Fig. 4.6, one can see the distribution of the different values 
of the cost functional over 1000 simulations. Moreover, in Fig. 4.7, one can see the 
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Fig. 4.5 Speed obtained by using the instantaneous policy (left), random exploration policy 
(center), and the gradient descent method (right) for a target flux f* = 0.3 


Table 4.1 Value of the cost functional and the average velocity for the different policies 


Method Cost functional Average speed 
Fixed speed v = Vmax = 1.0 873.0786 1.0 

Fixed speed v = Vmin = 0.5 785.2736 0.5 
Instantaneous policy 850.3704 0.7867 
Minimum of random exploration policy 723.6733 0.7597 
Gradient method 735.0565 0.5241 


differences between the actual outflow obtained and the target one for all methods. 
The CPU time for the different simulations approaches (see Table 4.2) is compared, 
and as expected, the random exploration policy is the least performing, while the 
instantaneous policy is the fastest one. In addition, one can look at the TV (v) for 
each one of the policies obtaining the following results: 


e IP: TV(v) = 12.6904 
e RE: TV(v) = 753.5 
e GDM: TV(v) = 70.81333 


Notice that the simple case of a fixed speed has TV(v) = 0, making this option the 
most performing from this point of view. 


Test II: Sinusoidal Outflow 


In Fig. 4.8, it is shown the optimal velocity obtained by using the instantaneous 
policy, the random exploration, and the gradient descent method with a sinusoidal 
outflow. One can see that the different policies give different profiles of optimal 
speed. In each case, we can see that an a posteriori treatment of the speeds before 
implementation in real traffic might be needed. Figure 4.9 shows the histogram of 
the cost functional obtained for the random exploration policy, and in Fig. 4.10, the 
real outgoing flux with the target one is compared. In Table 4.3, different results 
obtained for the cost functional computed at final time for the different policies are 
shown. Also, in this case, the instantaneous policy is outperformed by the other two. 
The CPU times give results similar to the previous test. 
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Fig. 4.6 Histogram of the distribution of the value of the cost functional for the random 
exploration policy. We run 1000 different simulations 
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Fig. 4.7 Difference between the real outgoing flux and the target constant flux, computed with the 
instantaneous policy (left), the gradient method (right) and the random exploration policy (center) 


Table 4.2 CPU time for the Method CPU time (s) 
simulations performed with Tästantaneous policy. | 32756. 
the different approaches E ET ee ea 


Random exploration policy | 7577.390 
Gradient method 1034.567 
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Fig. 4.8 Speed obtained by using the instantaneous policy (left), the gradient descent method 
(right), and the random exploration policy (center) for a sinusoidal target flux 


200 


Number of occurrence 


300 310 320 330 340 350 360 370 380 390 
Cost Functional 


Fig. 4.9 Histogram of the distribution of the value of the cost functional for the random 
exploration policy. We run 1000 different simulations 
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Fig. 4.10 Difference between the real outgoing flux and the target sinusoidal flux, computed with 
the instantaneous policy (top left), the gradient method (top right), and the random exploration 
policy (bottom) 
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Table 4.3 Value of the cost functional for the different policies 


Method Cost functional Average speed 
Fixed speed v = Umax = 1.0 1.3979e + 03 1.0 
Fixed speed v = Vmin = 0.5 843.3395 0.5 
Instantaneous policy 458.8874 0.7917 
Minimum of random exploration policy 303.8327 0.7512 
Gradient method 307.6889 0.6001 


4.4 Discrete-Optimization Methods for First Order Models 


In this section, we consider variable speed limit (VSL) control problem coupled to 
ramp metering for first order equations, i.e., the LWR model. In particular, merging 
these two problems means that on one side we have a conservation law with time- 
dependent discontinuous coefficients due to the fact that the maximal velocity for 
the VSL problem must be evaluated at discrete points in time. On the other hand, 
the on-ramp metering problem corresponds to controlling the boundary conditions 
at junctions [143, 144]. The resulting optimal control problem is then a combination 
of two controls directly influencing each other. 

We apply continuous optimization techniques, where the first order optimality 
system is derived and solved by a descent type method [188, 257]. More precisely, 
we work on the approximate dynamics, thus resulting in the so-called discretize- 
then-optimize approach leading to a finite-dimensional optimality system [160]. 


4.4.1 Traffic Flow Network Modeling 


As detailed in Appendix B, a traffic flow network can be modeled as a directed 
graph G = (Z, J), where the edges Z = {Ie}e correspond to roads and the vertices 
J = {Jj}; to junctions or intersections. Each edge Ig € Z is represented by an 
interval [0, Le] and ue(x, t) denotes the density of cars on road Ze. 

Given initial conditions ue(x, 0), the dynamics on the network is described by 
the LWR equation 


OpUe(t, x) + Ox fe(ue(t, x), t) =0 V£, x €]0, Lel, t € [0, T] (4.20) 


with Greenshields flux 


felt, u) = u vÉ a(t) (1 z —.) l 


max 
where véax(t) is the (piecewise constant) maximal speed limit and u% is the 
maximal car density corresponding to the jammed situation, see, for instance, 
Fig. 4.11. The maximal flux f? (t) is attained at u = u£, = uf, /2, see Fig. 4.11. 


cr 
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Fig. 4.11 Velocity and flow rate for different values of vé, (t) 
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Fig. 4.12 Different types of junctions. (a) One-to-one. (b) Diverging. (c) Merging 


4.4.1.1 Coupling Conditions at Junctions 


The dynamics at junction nodes J; € J must guarantee mass conservation and is 
defined using the demand and supply functions corresponding to fe(t, u): 


t) ifu<ué max) ifu < ut., 
Degas Tesime a gwpl O Ersta 
FP") ifu> ub, felu, t) ifu > u$. 


In the rest of this section, only the cases of one-to-one, merging, and diverging 
junctions are considered, i.e., Fig. 4.12. 
The coupling conditions are computed as follows: 


e One-to-one junction: the fluxes at the junction are obtained by 
Îi = ® = min {Dj (u1, t), S2 (u2, 1)} . (4.21) 
e Diverging junction: the distribution of cars on outgoing roads is described by the 


parameters a; > 0 and a3 > 0 such that a2 1 + 3,1 = 1, and the fluxes at the 
junction are given by the following (non-FIFO) conditions [176, 205]: 


Yo = min {a2 1D1 (u1, t), S2 (u2, t)} , (4.22a) 
3 = min {a3 1 Dı (u1, t), S3 (u3, t)} , (4.22b) 


P = h +P. (4.22c) 
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e Merging junction: we introduce a priority parameter P € (0, 1), and the fluxes 
are given by 


vi = min {Dj (u1, t), max { PS3(u3, t), $3(u3, t) — Do(u2, t)}} , (4.23a) 

yo = min {D2(u2, t), max {(1 — P)S3(u3, t), S3(u3, t) — Di (u1, t)} , 
(4.23b) 

P= +A. (4.230) 


4.4.1.2 Boundary Conditions 


If an arc Zẹ that is connected to the network only downstream while the desired 
inflow rate upstream is f;"(t), the actual inflow to the road J; is given by 


ve = min Lro, Se (ue, n} ; (4.24) 


Assuming instead that there is a queue at the upstream node of arc Ze with length 
le (t), then, the inflow to the road is given by 


yë = min {De(le, t), Se(ue, t)} , (4.25) 


where the demand function depends on the length le (t) of the queue at time t, 


wanae” eo 4.26 
ele, t) = 4° ~ M Bi arai (4.26) 
min { få (t), fo } ifle =0. 


Above, Pe denotes the maximum flux that can enter the road from the queue. The 
evolution of the queue length le(t) is given the ODE 


dl 
ee inary yë (4.27) 


for an initial state l (0). 
Conversely, on arcs connected only upstream to the network, absorbing boundary 
conditions are prescribed up to a given maximum flow rate FEO as 


“ee = min FEO, De(ue, t)} R (4.28) 


thus ensuring that cars exit the network if their flow is lower than the maximum flow 
rate. 
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4.4.2 Optimization Problem for VSL and Ramp Metering 


In this section, we describe the optimization problem, consisting of minimizing the 
total travel time [267] and/or maximizing the outflow of the system, controlling 
traffic flow through a network by adjusting maximal speed limits and on-ramp 
fluxes: 


T Le T 
min J (/, ù, =Y Be f 1a) + fuaa di- Sree | year 
£ 0 0 £ b 


(4.29) 


where we set / = (le)e, u = (ug)e and pt = (Vee. Alternatively, one can choose 
to minimize a congestion measure as in [247], i.e., 


T 


Le 
min J(/, a) = Daf le(t) + max o, | (ua n- eE) dx\ | dt. 
£ 


VE ref 
0 0 
(4.30) 


Above, Be and eg denote non-negative weights and v¢ ref a reference velocity. 


4.4.2.1 Variable Speed Limits 


t 


We assume that the time-dependent maximal velocities Vhax 


and upper bounds 


(t) have uniform lower 


l l e 

Viow £ Vmax) < Vhigh Vt € [0, T]. 

To get a finite number of speed changes, we introduce control points v* € [0, T], 
k e€ {0,..., Nu}, and the corresponding control variables vý for each road. The 
maximal speed vé, (t) is assumed to be piecewise constant on the control grid: 


max 


vet) = VET ve ejt, vtt]. (4.31) 


4.4.2.2 Ramp Metering 


On-ramp dynamics can be described in the framework of merging junctions, where 
we set the index £ = 2 for the on-ramp, which will be described as a queue (4.26). 
Here, the aim is to control the main lane access from the on-ramp through a 
controlled demand function that is defined as 
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Di (le, t) = welt) Delle, t), (4.32) 
where De(le, t) is given by (4.26). Then, plugging (4.32) in (4.23), we obtain 


yı = min {Di (ur, t), max { PS3(u3, t), $3(u3, t) — DS (Io, t)}} ; (4.33a) 
Po = min { D§ (Ip, t), max {(1 — P)S3(u3, t), S3(u3, t) — D1 (u1, t)}},  (4.33b) 
B=n+h. (4.33c) 


Correspondingly, the evolution of the on-ramp buffer changes to 


dh) ins 
> = PAO- P, (4.34) 


where f» (t) is the external boundary inflow at the on-ramp. 
For ramp metering, we consider a piecewise constant control function: 


ot) = ot! vee Ww, vtt]. (4.35) 


Finally, the joint speed limit and ramp metering control problem for traffic flow 
on networks is given by 
min J(I, ü, 7") 
= (4.36) 
s.t. (4.20)-(4.28), (4.31), (4.32)-(4.35) 


with Z = (ze)_£ and © = (we)e. 


4.4.3 Numerical Simulations 


Consider a time mesh t” = nAt with At = i and divide each road £ into Nx, cells 
. — Le 
of size Axe = Nar’ 


The discretized objective functions corresponding to (4.29) and (4.30) are 


Nt Nxe 


Nt 
min) Be > | +> ue jos Axe) At— do eed> FUE t) At, 
j=1 £ 


n=1 
(4.37) 
and 
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Nt Nxe felu} spies t”) 
min% be = l; + max { 0, 5 (itos - Fis Axe At, 
£ 


nal el VE ref 
(4.38) 
where v¢ ref = Aas The conservation law (4.20) is discretized using a staggered 
Lax—Friedrichs scheme [216] 


ups = q (3ug.s + uts) — 3 [FOS t) + f Ugs t") — 2f (ug, 2”)] , 
(4.39a) 
unto = qu" as F 2u” 0.5 + u” 40.5) = SI fWisos> t”) — fuj-1s> Pols 
(4.39b) 


n+1 — lnn n 
Unx—0.5 = 4UNx-1.5 + 3UNx-0,5) 


— 512 F Uho t") — f Uia-0.5> t") — S Uie. P, 


(4.39c) 
where A = At/Ax (skipping the index £) and 
jAxe 
Ue j—0.5 © — f ue(x, t”)dx for je{1,...,Nxe}, ne {0,..., Nt}. 
(j-1) Axe 


4.4.3.1 Optimization Approach 


The discrete (finite-dimensional) optimization problem (4.37) is solved with an SQP 
solver (DONLP2) [258, 259], requiring gradient computation. This is achieved using 
the adjoint approach, which is recalled below. 

Given an objective function J(W, Y) (here (4.37)), where W denotes the control 
variables of the discretized model equations (the speed limits z and the ramp 
controls ok) and Y the state variables (densities u%, flow rates f (uù), queue lengths 
I). The discretized model equations are denoted E(W, Y) = 0. Assuming that the 
model equations E(W, Y) = 0 have a unique solution Y = Y(W) for any fixed W, 
we denote by J(W) = J(W, Y(W)) the reduced problem. Let £ be the solution of 
the adjoint equation 


a . ð i 
—E(W,Y(W = — | -—J(W,Y(W ; 4.40 
(sy ( ( ») E (x ( ( ») (4.40) 
and the cost gradient can be efficiently computed as 


g aa re 
ZIW, YW) = <— JW, YW) HET BWW, YW). (4.41) 
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4.4.3.2 Numerical Results 


This section collects the numerical results corresponding to an example of variable 
speed limit control and a combined optimization of variable speed limits (VSLs) 
and ramp metering. 


Variable Speed Limit (VSL) Control 


The topology of the considered road network (including distribution rates œ and 
priority parameters P) is shown in Fig. 4.13. Further road properties as well as the 
initial conditions are given in Table 4.4. Additionally, Fig. 4.14 shows the inflow 
profiles within the considered time horizon of 1000 seconds. 

For the described setting, we fix the discretization parameters and an increasing 
number of control points Nu. We separately minimize the total travel time (with 
Be = 107°) and maximize the accumulated outflow at the nodes outA and outB 
(with eg = 107). The results are collected in Table 4.5 and Fig. 4.15, showing that 
lower travel times/larger outflows are obtained for an increasing number of control 
points. In particular, compared to the uncontrolled case, where all speed limits are 
taken at the upper bound, there is an improvement of 1.28%/0.03%. 


Fig. 4.13 Road network with two main roads 


Table 4.4 Properties of the Road 


Length | uma v] Vnich | Initial densit 
roads in Fig. 4.13 ee ee ee | SEE ETS 


Al |1000 |2 20 [30 10.3 
A2 [1000 |2 |20 30 [03 
A3 [1000 2 |20 |30 103 
BI [1000 |2 [20 |30 103 
B2 [1000 |2 |20 |30 [1.2 
B3 |1000 |2 |20 30 {1.2 
AB | 200 10.5 lio 20 lol 
BA | 200 10.5 lio 20 |0.1 
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Fig. 4.14 Inflow profiles for the network in Fig. 4.13 


Table 4.5 Optimal travel Nu | Ax/At 
times/outflows for different 
numbers of control points 


Min. travel time | Max. outflow 
- 50/0.5 | 2336.698921 1844.762416 
5 50/0.5 | 2307.370375 1845.023309 
20 |50/0.5 | 2306.863796 1845.289234 
80 |50/0.5 | 2306.694086 1845.353672 


We then compare the results with a fixed discretization but an additional penalty 
term with weight 6¢ > 0 in (4.37): 


Nt ymax (pn) — ymax (gn—1) 2 
> be 5 et £ : 
e n=1 


high 
ve” At 


which penalizes variations in the control. The resulting optimal controls are 
provided in Fig. 4.16. Obviously, the additional penalty term leads to smoother 
optimal solutions. 


VSL and Coordinated Ramp Metering 


In this section, we combine the optimization of variable speed limits and ramp 
metering. The considered network is shown in Fig. 4.17, and the corresponding 
parameters are given in Table 4.6. The priority parameter at the on-ramp is P = 0.5 
and we take f max — 1.5. Figure 4.18 shows the inflow profiles and the maximum 
outflow. We take Nu = 36 control points and the cost functional (4.38), with the 
following constraints: a maximum queue size of 50 cars at the entrance of the main 
road (node “in”) and a maximum queue size of 600 cars at the on-ramp are allowed. 

In the uncontrolled case (Fig. 4.19), the inflow to the main road from the on- 
ramp varies from full inflow at the beginning of the simulation (f = 0.75) to 
P . ft = 0.5 due to the congestion at road 2 (outflow at the node “out” is 1.0 and 
priority parameter P = 0.5). The flow on the on-ramp then increases again up to the 
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Fig. 4.15 Optimal control of vmax for an increasing number of control points 


maximum flow level ( f max — 1.5) when the maximum possible outflow at the node 
“out” increases. Finally, the inflow to the main road from the on-ramp decreases to 
the inflow at this node again (f'" = 0.75) when the queue at the on-ramp is empty. 

Figures 4.20, 4.21, and 4.22 show the computed optimal controls, the queue 
lengths at the inflow of the main road and at the on-ramp in the uncontrolled and the 
optimized cases, and the density at the beginning of road 2, respectively. The speed 
control is activated during large inflow periods, while the on-ramp control acts on 
the queue length. Moreover, in the optimal solution, the queue at the entrance of the 
main road is kept empty, while the queue at the on-ramp displays a large peak when 
traffic gets congested after about 2 hours due to the reduced density on the main 
road. 
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Fig. 4.16 Optimal control of vmax with and without penalty term (min. travel time) 
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Fig. 4.17 Road network with an on-ramp at the node “on-ramp”’ 


Table 4.6 Properties of the 


ne Length Initial density 
roads in Fig. 4.17 
la 2000 2 30 |30 0.1 
1b 2000 2 10 |30 0.1 
2 4000 2 30 |30 0.1 
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Fig. 4.18 Inflow/max. outflow profiles for the network in Fig. 4.17 


Fig. 4.19 Inflow on the main 
road at the on-ramp without 


inflow on the main road at the on-ramp 
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Fig. 4.20 Optimal control of Vmax (t) on road 1b and w(t) at the on-ramp 


4.5 Discrete-Optimization Methods for Second Order Models 


In this section, we focus on coupling conditions of road networks at on-ramps, 
where capacity drops usually occur for high density traffic, see, e.g., [169, 183, 211, 
239, 260]. By capacity drop we indicate that the measured outflow of the system is 
smaller than what it could be in optimal conditions, with differences up to 10% or 
more [183, 260]. This is due to inefficient driving reaction at the exit of a congested 
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Fig. 4.21 Queue at the node “in” and the on-ramp 
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Fig. 4.22 Density at the beginning of road 2 with and without optimization 


zone (upstream the on-ramp), which reduces the downstream flow compared to free 
flow conditions [267]. 

While this cannot be captured by first order models like LWR, the challenge for 
second order models is to find appropriate conditions which capture the capacity 
drop phenomenon, while ensuring the conservation of mass and momentum flow. 
Once these coupling conditions are defined, they can be integrated in a finite-volume 
type numerical scheme to compute the evolution of traffic conditions on the network. 
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4.5.1 The Aw—Rascle Model on Networks 


Let us introduce the modeling equations given by the Aw—Rascle (AR) model [23] 
including a relaxation term as originally proposed in [157]. The model consists 
of a 2 x 2 system of conservation laws for the density and a sort of generalized 
momentum derived from the (anticipate) acceleration equation. We explain below 
how it can be extended to the context of networks. 

Traffic states are described by the density u;(x, t) and the mean speed of vehicles 
vj (x, t) on each road i at position x and time t. 

Given some initial state (ui (x, 0), vi (x, 0)) on each road i, the dynamics for 
x €]0, Li[ andt € ]0, T[ are described by [23, 157] 


drui + Ox (uivi) = 0, 

vi— V; (ui) (4.42) 

dr (ui (vi + pi (ui))) + Ox (uivi (vi + pi(ui))) = -ui 1—5, 

or, setting y; = ui (vi + pi(ui)), 
3 (£) 49 yi uipi) \ _ ( 0 ) (4.43) 
í yi * (yi — Uj Pi (uj) A Outi pi (uhu Vi h) ? z 
[n E 
=8i (ui, yi) 


where p;(u) is a given pressure function satisfying p;(u) > 0 and up!’ (u) + 
2p;(u) > 0 for all u. The latter condition ensures that, for any constant c > 0, 
the curve {v + p;(u) = c} is strictly concave and passes through the origin of the 
(u, uv)-plane. Moreover, there exists a unique point o; (c) maximizing the flux uv 
along the curve {v + p;(u) = c}. The relaxation term in the momentum equation 
expresses the tendency of drivers to adjust their velocity to a desired speed V; (u), 
with a relaxation time ô > 0. 

Aiming at traffic control applications, in the following, we consider the time- 
dependent preferential velocity: 


; u 
Vi (u, t) = Vinay (t) (1 = ) (4.44) 
U max 
and the pressure function (as in [169, 239]) 
vf (t) u \” 
piu, t) = + - (4.45) 
Yi U nax 


equipped with maximal density as > 0, maximal velocity tag (t) > 0, reference 
velocity vtt (t) > 0, and y; > 0. Therefore, also, the source term in (4.43) becomes 


time-dependent: g; (u, y) = g; (u, y, t). 
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As for first order traffic models, we can define the demand and supply functions 
for each road i as follows: for a given constant c (corresponding to a fixed value of 
v + pi(u)), we have 


Dee (c — pilu, t))u ifu < o;(c, t), (4.46) 
(c — pi (0; (c, t), t)) oi (c, t) ifu > o; (c, t), 
ER (c — pi(o;(c,t), t)) oi(c,t) ifu <o;(c,t), (4.47) 
(c — piu, t))u ifu > 0;(c, t), 
where 
1 
max c Yi E 
i(c,t) = u; — 4.4 
AT (a0 a+ 5) on 


is the sonic point on the curve {v + p;(u, t)=c} in the (u, uv)-plane. Figure 4.23 
provides an illustration of the considered demand and supply functions. 


4.5.1.1 Coupling and Boundary Conditions 
We describe here the different type of junctions used later and the corresponding 


coupling conditions. The considered coupling and boundary conditions can be 
expressed in terms of mass flow q = uv and “momentum flow” q(v + p;(p)). 
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Fig. 4.23 Demand and supply functions corresponding to Umax = 1, vf = 2, y = 2, and the 
given values for c 
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One-to-One Junction 


In the case of one-to-one junction, the flow maximization over all admissible states 
leads to 


qı = q2 =G = min {Di (u1, vı + pı (u1, t), t), S2(ŭ2, vı + piu, t), t)}, 
(4.49) 
where i is either obtained by the intersection of the curves 


{v2(U, t) = v2o(U2, t)} and {v2 + p2(U, t) = vı + pili, t)} (4.50) 


or ù = 0. 


On-Ramp at a One-to-One Junction 


Let us consider a one-to-one junction with an on-ramp, and the demand D2(l, t) at 
the on-ramp is computed by 


max ifl > 0, 
Doll, t) =o) Pay: (4.51) 
min{ fi"), fP™} if = 0, 


where / is the length of the queue, w(t) € [0, 1] is the (time-dependent) metering 
rate, Jn (t) is the “inflow” of cars arriving at the on-ramp, and f;"** is the maximum 
flow onto the main road. To get a unique solution, we assign the priority parameter 
P to road 1 and set 


qı = min {Di (u1, W(t), t), max [PS3 (ŭ3, Wı(t), t), S3 (ŭ3, W(t), t) — Da(l, t)}} . 


(4.52) 
q2 = min {Do(l2, t), max { (1 = P)S3(i3, W(t), t), S3 (ŭ3, Wı(t), t) — Dı (u1, W(t), t)}} A 
(4.53) 
q3 = q1 + 42, (4.54) 
where we have set Wi(t) = vı + pı(u1,t) and ŭ3 is either obtained by the 
intersection of the curves 
{u3(U, t) = v3(U3, t)} and = {w3(U,t) = vı + pili, t)} (4.55) 
or #3 = 0. The evolution of the queue length at the on-ramp is governed by 
= t)— q, 4.56 
ie 2 (t)— q2 (4.56) 


where we may assume l2 (0) = 0. 
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On-Ramp at Origin 


To better keep track of vehicles entering the network, we consider an on-ramp at 
vertexes with only one outgoing road: 


max if 1 
DA=) “a a (4.57) 
min{ f/"(t), f} iff = 0 


for the demand at the on-ramp, where / is the length of the queue, œw (t) € [0, 1] 
is the (time-dependent) metering rate, JPO is the inflow of cars arriving at the 
on-ramp, and f/"* is the maximum flow onto the road. 

Since in this case there is no value for c to evaluate the supply function of the 
road as in (4.49), we consider an auxiliary left state U} mimicking the desired inflow 
of the on-ramp. We assume that the velocity of the auxiliary state equals the desired 
velocity of the road, i.e., 


U; =(u,uW2(u,t)) — suchthat uVz(u, t) = Dil, t), (4.58) 


where W(u, t) = Vo(u, t) + p2(u, t), which is solved by 


na = Minox | Uad? _ Wine D (4.59) 
2 4 V2 ax (t) 
The choice of u— fulfills Do(u_, w, t) = Dı (l, t). 
Finally, we get 
qı = q2 =G = min {D1 (h, 1), Soli, Wea.) 1)} (4.60) 
with Wo(u_, t) = V2(u_,t) + p2o(u_,t), and a is either obtained by the 
intersection of the curves 
{v2(U, t) = v2(U2,t)} and {w2(U, t) = Wo(u_, 1)} (4.61) 
or ù = 0. 
The evolution of the queue at the on-ramp is given by 
dl\(t) i 
= fO- q. (4.62) 


At 
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Outflow Conditions 


At nodes with only one ongoing road, we consider absorbing boundary conditions 
up to a given maximum flow rate f; P*O: 


qı = min {Dı (u1, vı + pi, t), t), FPO}. (4.63) 


The momentum flow is given by qı (vı + pı (u1, t)). 


4.5.2 Numerical Simulations for Aw—Rascle on Network with 
Control 


For the numerical solution of the described model, we consider a finite number of 
time points t” = nAt, where At = T/Nt. Moreover, each road # is divided into Nx; 
uniform cells of size Ax; = L;/Nx;. We also set At th ax = Ax; in all numerical 
simulations. 


4.5.2.1 Numerical Method 


System (4.43) is discretized via a fractional step method composed by a first order 
Godunov scheme for the flux term and an implicit Euler method for the relaxation 
term. 


On each road i, the initial conditions (for j € {1,..., Nx;}) are given by the cell 
averages 
JAX; 
1 
U; j-05 = 37 f U; (x, 0) Ax for j € {1,..., Nxi}. (4.64) 
j-0. Pa 
' (j—1)Axi 
Then, at each time iteration n € {0,..., Nt — 1}, we compute 
mn+1 n At n n 
UF 05 = U} jos — Ae i — F’) (transport) (4.65) 
upp 05 = =U gin 5+ At a(Upt* 0.5) (relaxation) (4.66) 


The boundary fluxes F/') and F;’y,, are given via coupling/boundary conditions, 
while 


qj. ; 
F". = ij for j e {1,..., Nx}, (4.67) 
a = o.s + PiU; j- 0.5» É” ")) ai .) 
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with 
qij = min [D, (u? j-0.5> w? j;-0.5> t”), Si (a? j» Wi j—0.5> m) > (4.68) 
where ü; i is either obtained by the intersection of the curves 
{v (U, t") = vi i405) and {v; + pi(U, t") = wi j_ost (4.69) 


~n n _ an ofan n 
or ü; j = 0, and W; j—0.5 = Yi j—0.5 + Pi (u; j—0.5> t”). 


4.5.2.2 Numerical Results 


We study two different scenarios: 


1. The capacity drop for a one-to-one junction with on-ramp 
2. Speed control and coordinated ramp metering for a simple network 


4.5.2.3 Capacity Drop 


We first focus the attention on the capacity drop effect, cf. [169]. We will show how, 
increasing the inflow into the network, the outflow will decrease. 

We consider the network depicted in Fig. 4.24 consisting of two roads of 1 km 
length with an on-ramp in between. On both roads, we set Umax = 180 SS, vmax = 
vf — 100 m, y = 2, ô = 0.005h, and an initial density of 50 E; At the origin 
“in,” we assume a constant (desired) inflow f» = 3500 SS. At the on-ramp, we 
consider time-dependent inflows, starting from fea = 500 as up to 2500 as and 
down to 50 as again. The priority parameter at the on-ramp is P = 0.5. 

Table 4.7 and Fig. 4.25 show the simulation results for the AR and the LWR 
model (with Ax = 100 meters and At = 1.8 seconds), i.e., the resulting stationary 
states. The first two columns report the desired and the actual inflow at the on- 
ramp. The following three values are the resulting density, velocity, and the value 
of v + p(u) just upstream the on-ramp (end of the first road). The last two columns 
show the total outflow at the end of the second road. 

We observe that up to 1000 as of inflow at the on-ramp, the total inflow 
(of 4500 a) is within the capacity of the second road. For higher values, the 
resulting total flux cannot be received at some point. Then the value of v + p(u) 


Fig. 4.24 One-to-one 


junction with on-ramp road 1 road 2 
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Table 4.7 Capacity drop effect 


Inflow at on-ramp [SS] uy VI vı + p(u1) Outflow AR Outflow LWR 

A ki kı s 

Desired ‘Actual [Gl El |e) (TSI TS] 

500 500 47.6 | 73.6 77.1 4000 4000 
1000 1000 47.6 |73.6 77.1 4500 4500 
1500 1500 156.4 13.1 50.9 3554 4500 
2000 1764 160.2 11.0 50.6 3527 4500 
2500 1764 160.2 11.0 50.6 3527 4500 
1000 1000 148.0 17.8 51.6 3629 4500 
500 500 137.2 | 23.8 52.8 3762 4000 

< 4,500 

i 

& 4,000 

G 

2 aso TR 

500 1,000 1,500 2,000 2,500 |" AR LWR 


desired inflow at on-ramp [cars/h] 


Fig. 4.25 Actual outflow depending on the desired inflow at the on-ramp for the AR and the LWR 
model 


at the end of the first road impacts the total flux entering the second road. As 

a consequence, the outflow at the end of the second road for the cases ree € 

{1500 $°, 2000 SS, 2500 S'S} is lower than the outflow for the cases J” E 

{500 SS, 1000 $°}. Due to the choice of the priority parameter P = 0.5, the 

effect of a decreasing outflow while the desired inflow increases stagnates as soon 

as the fluxes from the first road and the on-ramp are equal, which is the case for 
3” € {2000 SS, 2500 5}. 

We point out that, even when the inflow at the on-ramp is lowered again, the 
original state for the same values of Ja and Jr is not reached. This is due to the fact 
that the outflow in the congested situation is below the accumulated desired inflows. 
Therefore, the queue at the origin keeps increasing even though the capacity of the 
road could handle the desired inflows in the free flow situation. 

Considering the same scenario with the LWR model (Sect. 4.4 for details), we 
see that the outflow increases with the accumulated desired inflows until it reaches 
the maximum capacity of 4500 SS = tax . es (see again Table 4.7 and Fig. 4.25). 
According to the chosen priority P = 0.5, the actual inflows at the origin and at the 
on-ramp are 2250 S at this stage. Further increasing the inflow at the on-ramp does 
not affect the situation on the roads. Moreover, unlike the AR model, decreasing the 
desired inflow fa below 1000 $" leads back to the original situation (as soon as 
the queues have emptied). 
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Cin) road 1 O road 2 S road 3 Com GA 


Fig. 4.26 Road network with an on-ramp 


Table 4.8 Parameters of the roads in Fig. 4.26 


Road Length [km] Umax [Ge plow [52] phigh [52] Initial density [ $] 
1 2 180 100 100 50 
2 1 180 50 100 50 
3 1 180 50 100 50 
4 2 180 100 100 50 


4.5.2.4 Coordinated Speed Control and Ramp Metering 


In this section, we aim at controlling maximal speed limits and on-ramp inflows to 
minimize the total travel time. The ramp metering rate w; (t) in Eqs. (4.51) and (4.57) 
is used to control the demand at the on-ramp. As in Sect. 4.4, we assume vi... = 
vi ax (t) € [v!, vish] is another (piecewise constant) control variable. Regarding 
the pressure term, we will consider two variants: 


1. vf (t) = vl ax(t), i.e., the pressure term directly depends on the (controllable) 


max 
speed limit and therefore p; (u) = pi (u, t). 
2. vif (t) = a, i.e., the pressure term is independent of the current speed limit. 


We consider the road network represented in Fig. 4.26 (adapted from [174]) with 
the road parameters given in Table 4.8. The exponents in the pressure function are 
yi = y = 2 for all roads and 6 = 0.005h for the relaxation parameter. The priority 
parameter at the on-ramp is P = 0.5 and f™* = 2000 a At the origin “in,” we 
consider f™* = 4000 $F. 

We fix a time horizon of T = 3.0 hours and the boundary conditions depicted in 
Fig. 4.27. We aim at minimizing the total travel time 

Li 


T 
0 0 
given an upper bound of 100 vehicles in the queue of the on-ramp. To solve this 
optimization task, we apply a first-discretize-then-optimize approach and adjoint 
calculus. 
Table 4.9 shows the total travel time for the AR and LWR models with and 


without optimal control. The resulting queues for the AR model with scaling of 


the pressure function ( e i Æ 0) are shown in Fig. 4.28. Without control, there is 


2 T 
ui(x, t) Ax At + > fuo At, (4.70) 


j=l 0 


i=l 
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Fig. 4.27 Inflow profiles for the network in Fig. 4.26 


Table 4.9 Optimization results for the network in Fig. 4.26 


AR, ae £0 | AR, g- =0 LWR 
No control [1871.7 1871.7 [834.9 
Ramp metering only 1325.3 1325.3 834.9 
Speed control only 1122.8 872.6 834.9 
Both control types 814.5 818.4 834.9 
— no control — eee ramp metering only 
--- speed control only =.=- both control types 


queue at origin “in” [cars] 


t [hours] t [hours] 


Fig. 4.28 Queue at the origin “in” and the on-ramp with and without optimal control 


no queue at the on-ramp, while more than 300 cars accumulate in the queue at the 
origin. With ramp metering alone, the queue at the origin is reduced to zero, and 
up to 100 cars accumulate in the queue at the on-ramp. When ramp metering and 
speed control are both implemented, the upper bound of 100 cars is never reached. 
In the case of speed control alone, we have no queue at the on-ramp, while some 
cars accumulate at the origin. 
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Fig. 4.29 Optimal control of Uhia (t) on road 2 (left) and road 3 (center) and w(t) at the on-ramp 
(right) 


For the LWR model, both queues stay empty during the whole time horizon even 
without controls, so the optimization produces the same result. This is due to the 
inability of the LWR model to capture the capacity drop effect. 

Figure 4.29 shows the applied optimal controls. 


4.6 Bibliographical Notes 


The problem of distributed control for partial differential equations with application 
to traffic has been addressed in several papers in the literature. 

An overview of the variable speed limit approaches can be found in [191]. The first 
papers dealing with variable speed limit using a discretized system of hyperbolic 
partial differential equations date back to the end of the nineties [3, 214]. In 
particular, the work [214] used the speed as control to stabilize the nonlinear 
hyperbolic PDE even with disturbances in the initial data. In the engineering 
literature, several papers deal with variable speed limit by controlling a discretized 
hyperbolic PDE [32, 63, 173, 227, 238]. The control is the speed limit that is used 
to detect and dissipate shock waves generated by macroscopic traffic models. In 
[173], the problem is analyzed following a Model Predictive Control approach, 
where the optimization is obtained using sequential quadratic programming (SPQ), 
while in [63, 96] the problem is analyzed by using closed loop/feedback approaches. 
For an overview of the approaches on the continuous hyperbolic partial differential 
equation, in addition to the papers used in this chapter [116, 153, 193] recently, the 
work [186] looked at the 1D scalar partial differential equation 


dru + Ox (V(t, x)u(t, x)) = 0, (4.71) 


with VSL applied continuously in time and space along a freeway. 

In the last few years, variable speed limit approaches have been used also in the 
case of moving actuators. In particular, autonomous vehicles can be used to control 
traffic by adopting specific speed policies, see for example [31, 167]. 
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Chapter 5 A 
Lagrangian Control of Conservation cm | 
Laws and Mixed Models 


5.1 Introduction 


A vehicle with different (eventually controlled) dynamics from general traffic along 
a street may reduce the road capacity, thus generating a moving bottleneck, and can 
be used to act on the traffic flow. The interaction between the controlled vehicle 
and the surrounding traffic, and the consequent flow reduction at the bottleneck 
position, can be described either by a conservation law with space dependent flux 
function [200], or by a strongly coupled PDE-ODE system proposed in [112, 208]. 

Many researchers addressed the problem of detecting a single vehicle among 
traffic. Most of these are PDE-ODE models where the main traffic is described by a 
scalar conservation law and the single vehicle’s trajectory satisfies an ODE. In these 
early works, see [81, 82], the car did not influence the surrounding traffic, making 
the system not fully coupled. More complicated situations involve cases in which 
the car influences in turn the bulk traffic. These cases give rise to more interesting 
control problems, where it is possible to control the main traffic stream by acting 
on the dynamics of single (possibly many) vehicles among the fleet. The main idea 
is to create moving bottlenecks that produce a non-negligible capacity drop in the 
main traffic flow. 

The problem of fixed and moving bottlenecks was first introduced in the 
engineering literature [101, 102, 203, 208-210]. In the mathematical literature the 
first models involving fixed bottlenecks were proposed in [78] and [140]. The model 
in [78] considers the case of a tollgate that is modeled as a pointwise constraint 
on the maximal flux. This model can be used for control purposes as showed 
in Sect. 3.5. The second paper uses one-to-one junctions to account for different 
capacities. Later on the problem of moving bottlenecks was addressed in [112, 200]. 
Ad-hoc numerical schemes were introduced to solve these models numerically, see 
[67, 111, 146]. Moreover, extension to second order models or vehicle platooning 
were developed in [137, 243] respectively. These models have been used in the latest 
years to address control problems for traffic by using ad-hoc capacity drops, variable 
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speed limits and autonomous vehicles (AVs). In fact, it is possible to describe the 
dynamics of a controller involving variable speed limits and/or pointwise capacity 
drops as a moving bottlenecks, see [167, 181, 228, 246]. 


5.2 PDE-ODE Models for Moving Bottlenecks 


As usual, the flux function f is given by f(u) = uv(u), where v = v(u) is the 
average speed of cars, with v(0) = Vmax and v(Umax) = 0. We assume that the flux 
satisfies the condition 


(F) f : C? ((0, max]; (0, +00)), f (0) = f (Umax) = 0, 
f strictly concave: ~B < f”(u) < —ß < 0 for all u € [0, Umax], for some 
B,B> 0. 


We note that (F) implies that v’(o) < 0 for every p € ]0, R[, see [128, Lemma 1]. 


5.2.1 A Macroscopic Model with Space Dependent Flux 


In [146, 200], the authors introduce a macroscopic model based on the LWR traffic 
flow model [224, 249], in which the capacity drops due to the controlled vehicle 
is modeled by a smooth cut-off function multiplying the flux. More precisely, the 
model reads as follows: 


du + Ox fo(x, y(t), u) = 0, t>0,xeER, (5.1a) 
y(t) = o vult, y(4))), t >0, (5.1b) 
u(0, x) = uo(x), x eR, (5.1c) 
y(0) = yo, (5.1d) 


where u = u(t, x) € [0, Umax] is the density of cars, y = y(t) is the position of the 
controlled vehicle, œ € 0, «[ is its maximal speed for some «x € ]0, 1], and the flux 
function fọ is given by 


fo(x, y, u) = f(u) -g(x — y). (5.2) 


In (5.2), g(&) is a function representing the capacity dropping of car flows, due to 
the presence of the slower vehicle. We assume further the cut-off function (€) to 
be smooth and that there exist 0 < x < 1 and ô > 0 such that 


(9.1) k < v(&) < 1, for every £ € R; 

(9.2) pE) =1 for every £ ¢ [—8, ô]; 

(9.3) gO)=k; 

(g.4) gy is strictly decreasing in ] — ô, O[ and strictly increasing in ]0, 6[; 


5.2 PDE-ODE Models for Moving Bottlenecks 113 


Umax — bottleneck speed 


— traffic speed 


-1.5 -1 -0.5 0 0.5 1 1.5 


(a) Cut-off function y(€) (b) Vehicle speeds 


Fig. 5.1 (a) An example of the cut-off function g(€) with 6 = 0.5 and «x = 0.7. (b) Moving 
bottleneck speed w v(u) and mean traffic speed at € = x — y(t) 


see Fig. 5.1a. Observe that the assumption w < « ensures that the other vehicles can 
overtake the moving bottleneck caused by the controlled one. 
The solutions to (5.1) are intended in the usual weak sense. 


Definition 21 A vector (u, y) is a solution to (5.1) if u(t, -) is a function in BV(R) 
for a.e. t > 0 which solves (5.1a) in the sense of distributions, that is 


+00 
/ fu Or p(t, x) + fx, y(t), u) Ox P(t, x)jdxdt +f uo(x)ġ (0, x)dx = 0, 
0 R R 


for any ¢ € CÌ (R?; Rt). 

Moreover, the position of the slower moving vehicle y(t) solves equation (5.1b) 
in [0,7] in the sense of Filippov (see [132]), namely y(t) is an absolutely 
continuous function such that y(0) = yo and 


y(t) € co{mv(u) : u € T[u(t, y(t)—), u(t, y(t) +)]} 


for a.e. t > 0, where the set Z[a, b] is defined as the smallest interval containing a 
and b. 


Existence of such solutions is proven in [200] for any uo € BV(R). The proof 
relies on the construction of approximate solutions by a fractional step method. A 
wave-front tracking approach can be found in [56]. Multiple bottlenecks can be 
handled as in [56, Section 6] or [146]. 
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5.2.2 PDE-ODE Models with Flux Constraint 


Following the model proposed in [112, 138, 208], we consider the following coupled 
PDE-ODE system 


au + ðx f(u) = 0, t>0,x ER, (5.3a) 
p(t) = min {o(t), v(u(t, yH), t= 0, (5.3b) 
fut, YOD- yOu, YO) < Fa WO), t > 0, (5.3c) 
u(0, x) = uo(x), xeéER, (5.3d) 
y(0) = yo, (5.3e) 


where ug and yo are the initial traffic density and the controlled vehicle position, 
and w(t) € [0, Vmax] is the desired speed of the controlled vehicle at time t > 0. 


Remark 12 Unlike the previous model (5.1b), in (5.3b) the controlled vehicle 
travels at its own speed w(t) if downstream traffic conditions allow it, i.e., if 
v(u(t, y(t)+)) > w(t), that is u(t, y+) < v7!(@(t)) =: u*(t), see Fig. 5.2. 


The function Fy in (5.3c) is defined as 


Fa (y(t) = aoar ere —uy(t)), a € 0, If, (5.4) 


[0, max 


and represents the road capacity reduction due to the presence of the vehicle, acting 
as a moving bottleneck which imposes a unilateral flux constraint at its position. 
The coefficient a is the capacity reduction rate given by the ratio of the number of 
lanes non occupied by the vehicle over the total number of lanes. 


Fig. 5.2 The speed of the y (t) 
moving bottleneck: u*(t) is 
defined by the equality ` — bottleneck speed 
v(u*(t)) = w(t) N 
` - - traffic speed 
‘u(u) 


u (t) Umax u 
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To determine the function Fy, we consider reduced flux function 


Fa : [0, xumar] — Rt 
u m uv(u/a) = af (u/æ), 
which is a strictly concave function satisfying fa(0) = fa(@Umax) = 0. For every 
w E [0, Umax], define the point ŭa as the unique solution to the equation f} (u) = u. 


Introduce also, for every w € [0, Umax], the function 


Po : [0, Umax] — Rt 
u > fallo) + w (u — üo). 


Hence, if y(t) = æ, the function Fy in (5.3c) is defined by 


Fy : [0, Umax] —> Rt 


w > Po(0) = falto) — Olly. 


(5.5) 


If y(t) = v(u(t, y(t)+)), the inequality (5.3c) is trivially satisfied since the left- 
hand side is zero. Finally, the points 0 < tig < ty < tly < Uw < Umax are uniquely 
defined by 

um =minZ,, ûo = max To, To = {ue [0, Umax] : f(u) = Po (u)} , 


and implicitly by 


VUw) = Ø, 


see [112, 138] and Fig. 5.3. It is straightforward to see that Č yma, = Uvex = Lomax = 
Uvmna = 0. 
Solutions of the Cauchy problem (5.3) are intended in the following weak sense. 


Definition 22 A couple (u, y) € C? (R+; L} (R; [0, umax])) x Wy (Rt; R), with 


loc 


loc 


TV(u(t, -)) < +00 for all t € RF, is a solution to (5.3) if 


Fig. 5.3 The definition of fx 


lo, Uw, Ug and Uy 
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1. For every x € R and for all g € Cc! (R?; R*) it holds 
f., [cw tare + sentu =O Fa- Fe) Ae) de a 
+f juo — K|p(O, x) dx (5.6a) 
R 
rf (f(k) — yt) — min{ f (K) — yk, FaH ot, yO) dt = 0; 
2. y is a Carathéodory solution of (5.3b), (5.3e), i.e., for a.e. t € RT 
t 
yt) = wtf min {œ (t), v(u(s, y(s)+))} ds ; (5.6b) 
0 
3. the constraint (5.3c) is satisfied, in the sense that for a.e. t € RT 


lim (f(u) — u min {@(t), v(u)}) t, x) < Fa(v@), (5.6c) 


x—>y(t)s 


with Fy defined in (5.4). 


Well-posedness results for (5.3) are based on wave-front tracking approxima- 
tions. Therefore, we focus here on the solution to the Riemann problem, i.e., 
problem (5.3) with initial data 


ug ifx <0, 
yo = 0 and ug(x) = (5.7) 
ur ifx >0. 


Denote by R the standard (i.e., without the constraint (5.3c)) Riemann solver for 
(5.3a)-(5.7), i.e., the (right continuous) map (t, x) œ> R(uL, uR)(x/t) given by the 
standard weak entropy solution, see Sect. A.6.1. Following [112, Definition 3.1], 
the constrained Riemann solver is defined below. 


Definition 23 For any œ e€ [0, Umax], the constrained Riemann solver RÌ 
[0, max]? > L! (R; [0, umax]) is defined as follows. 


loc 


1. If f(R(uL, uR)(@)) > Fo(@) + o R(uL, ur)(œ), then 


R(uL, uw)(x/t) if x < ot, 


7 i and y(t) = at. 
Re, ur)(x/t) if x > ot, 


R” (uL, UR)(x/t) = | 


2. If fRUL, ur)w)) < Fo(w) + w R(uL, ur)(w), then 


R” (uL, ur) = R(uL, ur) and y(t) = min {w, v(u(t, y()+))} t. 
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> 
x 


0 


Fig. 5.4 The constrained Riemann problem (5.3)-(5.7), case 1. In this case y(t) = y(0) + af, 
while the solution u is composed by two classical shocks separated by an undercompressive shock 
between i, and ŭo 

tr à 


I 

u I 
R l, 

I 


UL 
l; 
f 


> 
ax 


uo Uw 7 Umax 
Fig. 5.5 The constrained Riemann problem (5.3)-(5.7), case 2. In this case y(t) = y(0) ++ v(upr)t, 
while the solution for u is composed by the classical shock connecting uz to uR 


Figures 5.4 and 5.5 illustrate two possible configurations corresponding to points 
1. and 2. in Definition 23, respectively. In particular, we remark that when the 
constraint is enforced (point 1.) the jump discontinuity from i, to ŭe is an 
undercompressive shock, which satisfies Rankine—Hugoniot conditions but violates 


Lax entropy conditions, which motivates the last term in (5.6a). 
We finally have the following general existence result [138], holding for initial 
data and controls with bounded total variation. 
Theorem 32 Let the initial conditions up € BV (R; [0, Umax]), yo € R, and the 
open-loop control œ € BV (Rt; [0, Umax]). Then there exists a solution (u, y) 


to (5.3) in the sense of Definition 22. 


For partial stability results, see [114, 223]. 
The construction presented above can be extended to second order models, 
consisting in 2 x 2 systems of conservation laws accounting for mass conservation 


and an acceleration balance equation. In [272], the Aw—Rascle—Zhang (ARZ) 
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model [23, 277] is coupled with a moving bottleneck (with constant maximal speed) 
as follows: 


ðu + ð (uv) = 0, 


xeR,t>0, (5.8a) 

ðr (u(v + p(u))) + ðx(uv(v + p(u))) = 0, 
y(t) = min {w, v(t, y(t)+)}, (5.8b) 
ia (u(v — min{a@, v})) (t, x) < Fa (t)), (5.8c) 

x> y(t) 
with initial conditions 

u(0, x) = uo(x), (5.9a) 
v(0, x) = vo(x), (5.9b) 
y(0) = yo. (5.9c) 


Above, u = u(t, x) and v = v(t, x) denote respectively the density and the mean 
velocity of traffic. Note that the quantity v + p (u), usually referred to as Lagrangian 
marker, is transported at velocity v and depends on the density through a pressure 
law p € C?([0, +00f; [0, +00) satisfying the following hypotheses: 


p(0) = 0, (5.10a) 
p'(u) >0  forevery u > 0, (5.10b) 
u |> up(u) is strictly convex. (5.10c) 


The maximal speed w of the controlled vehicle satisfies 0 < w < Umax. Hence, the 
phase space for (5.8a) is defined by the domain 


D = {(u, v) € Rt x R: 0 < V < Vmax, 0 < v + plu) < p(Umax)} 
away from the controlled vehicle position, and 
Da = {(u, v) € R x RT: 0 < v < Umax, 0 < v + pW) < P(@umax)} 


atx = y(t). 

When the controlled vehicle acts on the flow, namely when v > w at x = y(t), 
the left and right initial states of the Riemann problem associated with (5.8) will be 
joined by simple waves associated with the two characteristic fields, but the phase 
space Dy, must be preserved, namely that 0 < v < Umax and v + p(u) < p(dumax) 
at the controlled vehicle position. The first constraint is already satisfied when the 
vehicle is not present. The second inequality is equivalent to 


u(v — @) < u (P(QUmax) — pU) — o). 
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Under this form, it is clear that the constraint reads as a constraint on the relative flux 
at the bus position. Let us determine under which condition the quantity v + p(u) 
equals a constant K such that K < p(a@umax), or equivalently 


u(v — w) = u(K — p(u)) — uw, 


with K such that K < p(dumax). The function u > ¢ (u; K) := u(K — p(u))— uw 
is strictly concave in u by assumption (5.10c) and non-decreasing in K since u > 0. 
Moreover, we have (0; K) = 0 for all K. Therefore, the maximal possible value 
Fx of the relative flux corresponds to K = p(@umax) and 


Fa(@) = max u (pmax) — Pu) — w), (5.11) 


u¢[0,Umax 


which is attained at ug such that 
P(QUmax) — Ug p' (Ue) = plua)=0=0. (5.12) 


Note that we have to assume w < p(Q@Umax) to have ug > 0. From (5.11) and (5.12), 
we find that the largest admissible flux is given by Fy(@) = ux p' (ua). Therefore, 
the classical solution will remain admissible provided that the relative flux does not 
exceed the upper bound Fy (w), see Fig. 5.6, where we have noted wy := p(aR) and 
Wmax ‘= p(R). This criterion is the key ingredient to determine the two possible 
Riemann solutions described in [272]. 

Let Uz = (uy, vz) and Ur = (up, vp) be two points in the domain D. We 
consider the Riemann problem for (5.8) corresponding to the initial data 


v + plu) = Wmaz Faw | v Kp(u) = Wmax 


| v + pN) = Wa 


Ua ! Uma Um tk 


-wu 


ug QUŅax Wa 


(a) (b) 


Fig. 5.6 Representation of the phase plane in the fixed and in the bus reference frames. (a) Flux 
representation in the phase plane. (b) Flux representation in the bus reference frame 
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if 
Hews BA (5.13a) 
ur ifx >0, 
if 
E a e as (5.13b) 
vr ifx >0, 
y(0) = 0. (5.13c) 


and to the constant bottleneck speed y(t) = w for all t > 0. Let J be the set 
I = {u € [0, Umax] : u (vz + PUL) — pu)) = Falo) + uo}. 
Since the map u +> u (vy, + p(uL) — œ — p(u)) is strictly concave due to (5.10c), 


the set J contains at most two elements. If J 4 @, let (ù, Ò) and (ŭ1, ŭi) be the 
points defined by 


r a Fy(@ : . ` Fy(@ 
u=maxl, v= al ET uj = min I and vj = al Í a, 
u uy 


These are respectively the points with maximal and minimal density of the Lax 
curve of the first family passing through (uz, vz) which satisfy the condition (5.8c) 
on the flux. Moreover, if ur > œ, we define the point (2, v2) as 


å Fa (w) 2 
uz = ——— and v2 = up. 
VR = w 


This is the point of maximal density of the Lax curve of the second family passing 
through (ur, vg) for which (5.8c) is satisfied. All these points are depicted in 
Fig. 5.7. 


Fig. 5.7 Notations used in 

the definition of the 

constrained Riemann solvers 
w w 

Rarzi d RA azo 
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Let Rarz be the standard Riemann solver for (5.8a), (5.13a), (5.13b), see [23], 
and let 


u(UL, UR)() and v(UL, UrR)() 
be respectively the u and v components of R4rz(UL, Ur)(-), and let 
fi(RarzU 7, Ur)()) = u(Uz, UR)(-) VUL, UR)C) 


be the first component of the flux function of the ARZ system. 
We propose now two possible definitions of Riemann solver for the constrained 
ARZ system (5.8). 


Definition 24 The Riemann solver 
Rong: D x D > Li, Rt x R?) 


is defined as follows. 


1. If fi(Rarz(Uz, Ur)(@)) > Fa(@) + wu(UL, Ur)(œ), then 


R® wy, Ur, Un)(x/t) = TARENEI tp), (a, 0))(x/t) me < y(t), 
Rarz((úı, V1), (ur, UR))(x/t) ifx > y(t), 


and y(t) = wt. 
2. If fi(Rarz(UL, Ur)(@)) < Falw) + wu(UL, UR)(@) then 
Riarzi (UL, Ur)(x/t) = Rarz(Uz, Ur)(x/t) 


and y(t) = min {w, v(UL, Ur) (@)}t. 


Remark that the solution RÌ gz; is conservative for both density and momentum 
of the vehicles. Moreover, in case 1., the solution given by R% pz, does not satisfy 
the Lax entropy condition at the jump discontinuity between the left state (4, 0) and 
the right state (%1, 0;), because “7; < ů. Therefore, as in the scalar case, (å, 0) and 
(%1, U1) are connected by a non-classical shock (we refer the reader to [213] for an 
extensive survey on entropy-violating jump discontinuities). 


Definition 25 The Riemann solver 
Rong: Dx D > Li, Rt x R?) 


is defined as follows. 
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1. If fi(Rarz(UL, Ur)(@)) > Fao) + wu(UL, UR)(@), then 


Rarz(Urz, vL), (Ô, d))(x/t) ifx < y(t), 


Ra rz2(UL, UR)(x/t) = vy i 
ARZ2\UL> UR) X Rarz((ii1, 02), (uR, vR))(x/t)  ifx > y(t), 


and y(t)=ot. 
2. If fi(Rarz(UL, Ur)(@)) < Fo(w) + ou(UL, UR)(@) then 
Rrz2(UL, Ur)(x/t) = Rarz(UL, UrR)(x/t) 


and y(t) = min {w, v(UL, Ur) (@)} t. 


The Riemann solver RÅ gzz conserves only the number of the vehicles. Indeed, 
along the line x = y(t) the Rankine—Hugoniot condition holds for the first flux 
component, because both (ù, Ò) and (#2, 02) belong to the line uv = Fy (œ) + wu, 
but not for the second component. 

Figure 5.8 presents a comparison of the solutions given by the Riemann solvers 
Ri pz, and RÍ 27>. We observe that the solver R4 gz; gives a constant low density 
region just downstream the bus position, while applying R4 gzz results in turn in 
a region in which the density is higher and non-constant. In particular, in the latter 
case the bus impacts the downstream traffic on a wider region. 


5.2.3 A PDE-ODE Model for Vehicle Platooning 


The first order LWR model can be adapted to describe the dynamics of the bulk 
traffic interacting with a platoon of vehicles. We denote by zp = zp(t) and zy = 
zu (t) respectively the downstream and upstream endpoints of the platoon. At the 
platoon location, the road capacity is reduced proportionally to the number of lanes 
occupied by the platoon, and the platoon acts as a flux constraint on the interval 
[zu (t), zp(t)]. The resulting coupled PDE-ODE model reads 


3u + 0, F(t, x, u) = 0, (t,x) ER xR, (5.14a) 
u(0, x) = uo(x), xER, (5.14b) 
Zu (t) = vy (t, u(t, zu ()+)), te R”, (5.14c) 
zu (0) = z9, (5.14d) 
zp(t) = vp(t, u(t, zo(t)4), pen, (5.14e) 
zp(0) = z9. (5.14f) 


Above, the space-time discontinuous flux function F is defined as 
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Fig. 5.8 Spatio-temporal evolution of traffic density and moving bottleneck trajectory given by 
Ri pz, (top) and R4 prz (bottom) corresponding to the data (uz, v) = (9,1) for x < 0, 
(ur, VR) = (2, 8) for x > 0, œ = 4, œ = 0.5, Umax = 15 and yo = —0.1 
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RS2 
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-0.5 0 


fu) if x ¢ [zu (t), zo], 


i (5.15) 
falu) := af (u/æ) ifx € [zy(t), zp(t)]. 


F(t, x,u) := | 


To comply with the varying road capacity, we have to consider initial data uo such 
that 
ug(x) € [0, omax] if x € [z%,, z9] 


’ 


(5.16) 
uo(x) € [0, Umax] otherwise. 


The dynamics of the platoon ending points is governed by (5.14c)-(5.14e), where 


vu (t, u) := max {wy (t), — fa (U)/(Umax — 4)} , (5.17) 


124 5 Lagrangian Control 


vp(t, u) := min{wp(t), v(u)}, (5.18) 


where wy (t) € [— Vmax, Umax] and wp(t) € [0, Umax] are the controllable maximal 
speeds of the upstream and downstream endpoints respectively. Equation (5.18) 
accounts for the fact that the platoon cannot move quicker than the downstream 
traffic velocity. Moreover, the speed wp is constrained to be positive, since vehicles 
cannot move backwards. On the other hand, if vehicles are allowed to join (and 
leave) the platoon, wy may take negative values. In the case of negative speed, 
condition (5.17) ensures that the problem is well-posed. 

Following [243], weak entropy solutions of (5.14) are intended in the following 
sense: 


Definition 26 A weak entropy solution to (5.14)-(5.15)-(5.16) is a triple 
(u, zu, zp) € C? (R*; LL (R; [0, umaxl)) x (WE (R+; IR)” such that 


loc 
G) u € L® (Rt; BVR; [0, umax])); 
Gi) u(t, x) € [0, @umax] for a.e. x € [zy (t), zp(t)] and t > 0; 
(iii) for all x € R and all test functions g € C1 (R?; R*) it holds 


f I (lu — k| 09 + sgn(u — k) (F(t, x, u) — F(t, x, K))3xp) dx dt 
Rt JR 
+f lug — k| o (0, x) dx 
R 
+f |F, zu +, K) — F(t, zu@)—, x)| eC, zy (t)) dt 
iy f IFG, co)+, «) — F(t, z0(t)—, 1 elt, zo) dt = 0; 
Rt 


(iv) zy and zp are Carathéodory solutions of (5.14c)—(5.14d), respectively (5.14e)— 
(5.14f), i.e., for a.e. t € R? it holds 


t 
zu (t) = z9, + / vu (s, u(s, zu (s)+)) ds, 
0 


t 
nists f waana 
0 


The construction of the corresponding Riemann solvers is detailed in [243, 
Section 3]. Figure 5.9 provides an illustration of the entropy weak solution for 
f(u) = u(l — u) and a = 0.5 corresponding to the following initial data: 
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Fig. 5.9 Space-time evolution of the solution to (5.14) corresponding to the initial datum (5.19): 
plot (a) displays the absolute density values u(t, x) everywhere, plot (b) accounts for the relative 
density u(t, x)/@uUmax at the platoon location, accounting for the reduced road capacity 


0.3 ifx <0.2, 
0.4 if0.2<x<05, 

ug(x) = Atal 2=02, z% =0.5, (5.19) 
0.5 if0.5 <x < 0.8, 
0.9 if x > 0.8, 


and control values wp = 0.3 and wy = 0.1. At the back-end of the platoon 
a congestion appears. For the downstream endpoint of the platoon, we have a 
rarefaction wave followed by a shock. When the platoon reaches the downstream 
congestion, the front-end point of the platoon slows down adapting its speed to the 
downstream traffic. Since the speeds of the initial and final points of the platoon are 
different, the length of the platoon changes during the simulation. In particular, the 
speed of the upstream endpoint is not affected by the surrounding traffic conditions. 


5.3 Numerical Methods for Moving Bottlenecks 


In this section we provide numerical schemes for the moving bottleneck models 
introduced in Sect. 5.2. Simulations are performed using algorithms based on the 
Godunov scheme [154]. All the methods for the numerical approximation of the 
moving bottleneck models presented in this section are divided into two steps: 


1. Numerical solution of the conservation law: using an ad-hoc finite volume 
method, for example, the Godunov scheme. 

2. Numerical solution of the ODE: typically solved by an Euler-type method 
based on the approximate PDE solution computed at the previous step. 
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To discretize the conservation law, we introduce a numerical grid with the following 
notation: 


e Ax is the space grid size; 
e At is the time grid size; 
= (tx) = (nar, (i+ 5) Ax) are the grid points for n € N and j € Z, 
respectively the number of time and space nodes of the grid, while x. ; = jAx 
F i i 
are the cell interfaces. 
In order to approximate the conservation law (5.3a), we place ourselves in the 
general framework of conservative finite volume schemes and first approximate 
the initial datum by a piecewise constant function given by its average on the 


discretization cells C; = |x. ,,x.,,|, namely 
' j—-3 Jt 


l fu 
0 its ‘ 
w=a | 2ug(x)dx, jez. 


I= 9 


To compute the approximation u’ of the average value of the exact solution u at 
time t” on the cell C; for j € Z and n > 1, we then integrate the conservation law. 
Using Green’s formula, we naturally end up with an iterative procedure of the form 


At 
ie =u; — — G — F” ) f (5.20) 


where the numerical fluxes F iss , represent an approximate value of the exact flux 
ITZ 


that passes through the interface X1 in the time interval [¢”, t”*1[. 
ITZ 


5.3.1 A Coupled Godunov-ODE Scheme for Model (5.1) 


We first describe the Godunov numerical scheme for the space dependent flux 
function (5.1a). We consider a cell-centered discretization of the flux function [24] 
and we proceed as follows. For each point x € R, we define the corresponding 
demand and supply functions as 


if l 
Do(x, y, u) = fo(%, y, u) ! U < Ucr 
fo, Y, Ucr) ifu > ucr, 

if 
So(x, y, u) — fo, ys Ucr) ! uU < Ucr, 
fox, y, u) if u > Uc, 
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Fig. 5.10 Construction of the approximate bottleneck trajectory y” 


where ucr €E [0, Umax] is the point of maximum of f(u). Then the Godunov 
numerical flux at the cell interface j + 5 and time t” can be computed as 


Fly = min | Dox). y”, u”), Soj, y”, u" p} , 

where y” denotes the approximated bottleneck position at time t”. The density can 

then be updated using (5.20), under the strong CFL condition At < 0.5 Ax /vUmax. 
To update the bottleneck position, let m € Z be such that y” € Cm. Using the 

updated density value u”*+!, we move the bottleneck position at speed œ v(u”*!) 

until it reaches the cell interface m + 5 at t” + Atin given by 

x in y” 

Atin = iai 


wvu!) 


n+1 


after which it continues at speed w v (u41 


), see Fig. 5.10. Therefore we set 


y”tl = y” + min{At, Atin} œ (ur!) + max{At — Atin, 0} o vunt). 


Figure 5.11 shows a controlled vehicle interacting with a shock and a rarefaction 
wave. 


5.3.2 A Conservative Scheme for Non-Classical Solutions to 
the PDE-ODE Models with Flux Constraint 


The PDE-ODE models (5.3), (5.8) and (5.14) can be numerically solved using the 
following approach, here detailed for the scalar case. 
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Fig. 5.11 Model (5.1): x — t plots for the interaction of the controlled vehicle with a shock (left) 
and a rarefaction (right), with v(u) = 1 — u, k = 0.6 and ô = 0.25 


Numerical Scheme for the PDE (5.3a) We use the classical Godunov 
scheme [154] away from the non-classical shocks, i.e. away from the bottleneck 
position. In the vicinity of the controlled vehicle position, where non-classical 
shock waves may arise, we refer to the approach introduced in [45], which consists 
in adding details in the piecewise constant representation (on each cell C;) of the 
approximate solution. The discontinuities are reconstructed in the relevant cells 


Cj; and used to define the numerical fluxes F 1 instead of simply using the 
constant values ui and ui +1: This allows to exactly capture isolated non-classical 
discontinuities. 

Assume that at time ¢”, the bottlenck position y” is located in the cell Cm 
for some m € Z. According to the Riemann solver provided in Sect. 5.2.2, 
Definition 23, a non-classical shock could appear locally around the bus whenever 


the condition 
f(Uy,) > Falot") + otun, (5.21) 


is satisfied. The idea is to consider uñ, not only as an approximation of the average 
value of the solution at time r” on the cell C}, but also as resulting from information 
on the structure of the exact Riemann solution Re ©") (Ui, —1> Ymp) associated with 
the states u” _, and un, 41: Therefore, if also 


FR Um- Ung OC) > Falot) + oR Um- “my, 


(5.22) 
holds, in the cell C,, we replace u, by the left and right states wi) = tc) and 
Um,- = Ňom) Corresponding to the non-classical shock appearing in the constrained 


Riemann solver associated with un] and ur +r To guarantee mass conservation, 


the reconstructed discontinuity must be located inside C, at the position 


Xm = Xml + di, Ax, (5.23) 
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Fig. 5.12 Reconstruction of ta 
a non-classical shock 
Um+1 
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where d™” € [0, 1] is defined by 
dpm i + (L dm) Um, r = Um» (5.24) 


see Fig. 5.12. 
We need now to define the numerical flux at the cell interfaces x, 1. Let us first 


2 
recall that Godunov’s flux function (or any monotone and consistent numerical flux) 


is used to define F y '41/2> J # m, under the classical CFL condition 


1 
At P m| < -= Ax, 2 
T f ui) Szex (5.25) 


and we keep the same definition for F» 41/2 whenever the conditions (5.21) and 
(5.22) are not both satisfied simultaneously. Let us denote by 


the time needed by the reconstructed discontinuity to reach the interface. The 
numerical flux at x, . i is then given by 


At F”, = min (Atp ,1, At) f (Um, r) + max (At ~ At,.1,0) fm)» (5:26) 


Besides, we set ki = f (um) 

To overcome problems induced by numerical diffusion around classical shocks, 
the reconstruction technique can also be applied to classical shocks. Given a cell C} 
for some j € Z, j Æ m, such that Wy < Wiss we introduce the left and right 
traces u’; ) = u"_, and ue = ui 4, of a reconstructed discontinuity and we define 


db J J 
j 9y. 
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n n 
u..—tU. 
dt'=—" (5.27) 
J7 u! —u 
jr jl 


Let us denote by Au’ p ui ,) the speed of the discontinuity given by the Rankine— 


Hugoniot condition, 1.e., 


Aya n 
IT ETE fp fui) 
JA jt: = ue, — u” i 
jl jr 
Then, if it is actually possible to reconstruct such a discontinuity within the cell C}, 
that is to say if d; € [0, 1], the numerical fluxes at x j+, are defined by 


NI 


e if Alu’ p Wip) > 0, 


At F”, , =min(At;,1, ADF U p) max (At — At, 1,0) f U5), (5.28) 


n 
1— d; 


IE ACU} p Why) 


Ax. 


, At) fw) +max (At — Ar, 1,0) f (u7 ,), (5.29) 


where, with some abuse of notation, we mean that if A(u’; ;, u% „) = O then F ie = 
’ $ J 

n n =, n 

fU) and Fi = fuia). 


NI 


Numerical Scheme for the ODE (5.1b) To precisely track the controlled vehicle 
at each time step, we update its position y” by studying interactions between 
the vehicle’s trajectory and the density waves within the corresponding cell. We 
distinguish two cases: 


1. Inequality (5.21) is satisfied. Then the vehicle moves at velocity w(t”) and we 
update its position as y"*! = w(t")At” + y”. 
2. Condition (5.21) is not satisfied. In this case the PDE solution is classical. We 


have to distinguish two situations: either y” € [x 1 Xml ory” E [es Xgl [. 
7 2 


If no interaction occurs between the wave originating at the corresponding cell 
interface and the controlled vehicle in At”, the ODE is solved by 


yttl = y"+min{o(t”), vun) At. 
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Otherwise, we check if the wave is a shock or a rarefaction: 


e If the wave is a shock, we compute the incremental interaction time f and the 
vehicle’s trajectory is given by 


yt} = y” + minfo(t”), vu”, )}é + min{o(t”), vut .,)}(At — 2). 


e If the wave is a rarefaction, first of all, we observe that if this wave originated 
at Xal and an interaction occurs, the controlled vehicle must travel at its 


maximal velocity w(t”), and it will keep this velocity, as in Case 1. Therefore, 
we focus on the case of a rarefaction originating at x mth . If the vehicle is 


initially traveling at speed w(t”), it will keep this velocity after the interaction, 
see Case 1. When the vehicle does not travel at the constant speed w(t”), 
we compute its first and last interaction points with the rarefaction wave, 
respectively (f, x) and (f, x), to evaluate the exact trajectory. Then: 


— Iff > At, the new position is given by y”*+! = }(At) with (At) given by 
setting f = Af in 


t—-t?+x ,-<x 


m+5 
JOEA a i a Z 
ISA ai TA ) aa 


- Ift < At, then y"*! = 5(f) + (At — P) min{o(t"), v(u",, )}- 


The cell index m is then updated according to the new position of the bottleneck. In 
Fig. 5.13, we can see the interaction of the bus with a shock and with a rarefaction. 
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Fig. 5.13 Model (5.3): x — t plots for the interaction of the controlled vehicle with a shock (left) 
and a rarefaction (right), with v(u) = 1 — u anda = 0.6 
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5.4 Traffic Management by Controlled Vehicles 


5.4.1 Field Experiments 


Stop and go waves are instabilities of traffic that travel backwards along the 
road [190, 268]. Often called phantom jams, this phenomenon emerges from the 
collective dynamics of the drivers on the road. In [262], a seminal field experiment 
proved that is possible to use an automated and controlled vehicle to dissipate 
them. A series of experiments were conducted in a ring road setting to show that a 
Cognitive and Automated Test (CAT) vehicle (see Fig. 5.14), properly controlled is 
able to dampen stop and go waves. The experiment setup follows the work done by 
[263]: 22 vehicles are placed in a ring road formation on single-lane circular track 
of 260 meters, see Fig. 5.15. Each vehicle is equipped with OBD-II data loggers 
that collect GPS locations and fuel consumption for each one of the vehicles. In 
the center of the track, a 360 degree camera records each experiment. After post- 
processing, the videos will be used to generate vehicle trajectories. One of the 
vehicles is the University of Arizona self-driving capable CAT vehicle. 

At the beginning of each experiment, the drivers are told to drive as they normally 
would. The goal of the experiments is to create stop and go waves and then dissipate 
them via control of the CAT vehicle. At the beginning of the experiment, the vehicles 
are equidistant and at rest. In Fig. 5.16, one can see the trajectories of the vehicles 
during an experiment. After the first minute, we observe the creation of the stop and 
go wave which becomes more evident if one observes the corresponding velocity 
oscillations in Fig. 5.17. In particular, after the wave starts, the velocity oscillates 
between 0 and 11 m/s. At that point, the CAT vehicle controller is activated and the 
wave dissipates. After 350 seconds, the control is disabled and the wave reappears 
again until the end of the experiment. From Figs. 5.16 and 5.17, we can see how 
a single CAT vehicle can dissipate stop and go waves, and reduce the oscillations 
of the velocities. Given that each single vehicle is equipped with a OBD-II scanner, 
we were also able to compute the fuel consumption for each single vehicle. We 
observe a reduction of fuel consumption of 43% for the total fleet, with a reduction 
of braking events equal to 98%. 


5.4.2 Numerical Experiments 


As demonstrated by the field experiments described in the previous section, 
see [262], a controlled vehicle can act as moving Variable Speed Limit (VSL) 
to optimize the traffic flow on the overall section of the highway taken into 
consideration, by reducing stop and go waves, congestion and pollution. Referring 
to (5.3), here the control variable is the maximal speed w of the moving bottleneck 
in (5.1b). 
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Fig. 5.14 Arizona CAT 
vehicle Media credit: John de 
Dios, Alan Davis 
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Fig. 5.16 Trajectories of each single vehicle on the ring road, the CAT vehicle is in blue, while 
the human driven vehicles trajectories are in gray 
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Fig. 5.17 Speed profiles for each single vehicle on the ring road, the CAT vehicle profile is in 
blue, while the human driven vehicles are in gray 


As an example, let us consider a stretch of road corresponding to the space 
interval [a, b] and a time horizon Ty. To evaluate the impact of the control policy, 
we focus on the following traffic performance indexes: 


e Total Fuel Consumption (TFC). We rely on a model that expresses the fuel 
consumption as a function of the speed [246] and we define 


T b 
TFC(@) =} f u(t, x)K (v(u(t, x))) dx dt, (5.30) 
0 a 


where the fuel consumption depends on the traffic mean velocity according to 
the following polynomial expression 


K(v) = 5.7 - 107! . vé — 3.6 - 1079 - v’ +. 7.6: 1077 - vt 
— 6.1- 1075- v? + 1.9- 107°? - v? + 1.6- 1072 - v + 0.99, 


see Fig. 5.18. 
e Average Travel Time (ATT). This is computed as 


Tf pb 1 


see, for example, [97]. 
e Queue length. This is expressed by 


V(o) = =f [ o(u(t, x)) dx dt, (5.32) 


where 
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Fig. 5.18 Plots of the fuel consumption rate functions. (a) Fuel consumption rate K (v). (b) Total 
FC rate u K (v(u))) 


0 r < Uout — Ô, 
r) = 4 5 (— uou +8) our — 8 <T < tout, (5.33) 
1 Uout < F < Umax, 


for some 6 > O small (see [83]). This functional measures the length of 
the traffic jam arising upward a fixed bottleneck located at x = b, which is 
expressed by the boundary constraint f (u(t, b—)) < Fout, for some given Fout < 
fmax := MaXuc[0,umax] f (u). (For the definition and treatment of the constrained 
Initial-Boundary value problem see [78].) In (5.33), the tout corresponds to the 
congestion traffic density, which satisfies f(Uour) = Fout, Vout Z Ucr. 


To evaluate the dependence of the above cost functionals on the control variable 
w, we consider a section of highway of length L = 50 km with three lanes (therefore 
a = 2/3), where we set v(u) = Vmax(1 — U/Umax) With Umax = 140 km/hr and 
Umax = 400 vehicles /km. The initial traffic conditions are set to ug = 0.3 Umax, 
and the controlled vehicle is placed at yọ = 2 km from the beginning of the road 
section. Boundary conditions are prescribed in terms of boundary fluxes fin and 
Fout» setting 


fmm ift <0.5Tp, 


Fin (t) = : 
0 ift > 0.5Tp, 
and four (t) = 0.5 f™* for t € [0, Tf], where the time horizon Tf = 1 hr. 
Figure 5.19 shows the dependence of the functionals (5.30)-(5.32) on the 
controlled vehicle maximal speed w € [0, 140]. 
In order to get benefits in terms of some prescribed cost function, in this case the 
total fuel consumption (5.30), we design a Model Predictive Control (MPC) strategy, 
which is quite common in traffic management (see, among others, [31, 47, 131)]). 
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Fig. 5.19 Plots of the cost functionals (5.30)-(5.32). (a) Total fuel consumption (5.30). (b) 
Average travel time (5.31). (c) Queue length (5.32) 


To this end, system (5.3) is discretized using the conservative scheme presented in 
Sect. 5.3.2. The optimization algorithm is run on a prediction horizon AT = 15 min 
and the optimal control value is applied for the time interval At = 5 min before the 
state is updated and the optimal control re-evaluated. See [242] for further details. 
Figure 5.20 shows the comparison of traffic evolutions in the case of fixed vehicle 
speed w(t) = 80 km/hr for all £ € [0, Tp] (left) and in the optimal controlled case 
in which the vehicle speed is computed by MPC (right). In particular, we can notice 
that the congested region is reduced by the implementation of the control strategy. 
Indeed, we observe that the enforcement of the optimal control allows not only to 
improve the optimized functional (in this case the TFC), but also to improve the 
other metrics considered, see Table 5.1. 
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Fig. 5.20 Top: density evolution as function of time and space in the uncontrolled (left) and 
controlled (right) cases. Bottom: applied maximum vehicle speed resulting from the MPC 
procedure 


Table 5.1 Comparison between cost functionals in the controlled and uncontrolled case 


ATT y TFC TFC reduction 
[hr] [km] [liters] % 
Uncontrolled 0.9107 10.18 2.7413 -104 0 
Controlled 0.8579 7.66 2.6852 -104 2.05 


5.5 Bibliographical Notes 


Conservation laws with point flux constraint at a fixed space location were first 
introduced in [78], where a well-posedness result for scalar solutions corresponding 
to BV initial data and flux constraint was based on the wave-front tracking method 
and the doubling of variables technique. This result was then extended to an 
L” framework in [17], were adapted finite volume schemes are proposed. The 
scalar setting was then further extended in [15, 68] for applications to pedestrian 
flow modeling, see also [14, 104] for applications to other settings. Regarding 
systems, [16, 105, 124, 137, 145], among others, deal with the ARZ system and 
its extensions. 
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The problem of tracking vehicles in the bulk traffic flow was studied analytically 
in [82] and numerically in [58]. An application to traffic states reconstruction can 
be found in [115]. 

Moving bottlenecks models were first introduced and studied in the engineering 
literature, see, for example, [101, 102, 203, 208-210]. The first mathematical 
settings were proposed in [112, 200] for the scalar case, and in [42, 272] for the 
ARZ model. Well-posedness results for strongly coupled PDE-ODE models are 
currently available only in the scalar case, see [112, 114, 138, 222, 223], while 
numerical treatments are proposed in [67, 111, 272]. Numerical approximations of 
the model proposed in [200] can be found in [56, 146]. The case of multiple moving 
bottlenecks has been addressed in [56, 113, 146], while the dynamics of moving 
bottlenecks at road junctions is analyzed by [125]. 

A similar PDE-ODE model is proposed in [201, 202] to model bounded acceleration 
in traffic flow. 

Traffic flow management and control via connected and autonomous vehicles 
is currently a hot topic in transport engineering research. A number of results are 
available via stability analysis or simulation, such as [109, 163, 264, 274]. Some 
control approaches are based on implementing variable speed limit strategies, such 
as [31, 168, 273], or via jam absorption [172, 235]. Finally, experiments showed the 
effectiveness of the approach, see [261, 262, 275]. 
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Chapter 6 A 
Control Problems for Hamilton-Jacobi gag | 
Equations Co-authored by Alexander 

Keimer 


6.1 Introduction 


In this chapter, we introduce Hamilton-Jacobi PDEs. These PDEs are related to 
conservation laws and their solutions are the anti-derivative (in space) of the Entropy 
solutions of the corresponding conservation law, given that some assumptions are 
satisfied. 

Roughly, a Hamilton-Jacobi PDE reads for the Cauchy problem on R for a given 
flux function f : R —> Ras 

d q(t, x) + f (dx q(t, x)) = 0 (t,x) €(0,T)xR 
q(0, x) = qo(x) x eR. 
Assuming that the solutions are significantly smooth, we can differentiate the PDE 
with respect to the spatial variable and obtain 
Oy Ox q(t, x) + Ox f (dx q(t, x)) =0 (t,x) €(0,T)xR 
dx q0, x) = qo(x) xER. 


Setting 0, q = u for a given function u : (0, T) x R — R one ends up with 


0, u(t, x) + Oy f(u(t, x)) = 0 (t,x)€(0,T)xR 
u(0, x) = qo(x) x eR, 


the conservation law in u with flux function f and initial datum gj(x),x € R. 
Having a closer look into the theory of Hamilton-Jacobi PDEs, one major advantage 
is that the solutions to these equations remain Lipschitz continuous in case the initial 
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datum is Lipschitz continuous (and in the case one is in the bounded domain case, 
also the boundary datum). 

Even more, there is an explicit solution formula taking advantage of the Legendre 
Fenchel dual to write down the solution at every given time-space point as an convex 
optimization problem. This is of great importance as it not only allows to evaluate 
solutions without a predetermined numerical grid, the specific solution structure 
enables it also to study details and behavior of solutions. 

These loosely described approaches will be made rigorous in the next section 
where we introduce the concept of strong and generalized solutions. 


6.2 Strong Solutions 


We start with the problem setup and some assumptions on the flux function which 
contain convexity. The same results also hold for concave functions under minor 
modifications. 


Definition 27 (The Hamilton-Jacobi PDE with Initial Datum) Given a flux 
function f : R — R and initial datum go : R —> R we call the following initial 
value problem 
d q(t, x) + f (dx q(t, x)) =0 (t,x) €(0,T)xR 
q(0, x) = qo(x) x eR. 


a Hamilton-Jacobi PDE, and q : (0, T) x R —> R its solution. 


To guarantee the existence and uniqueness of solutions, we require some 
assumptions on initial datum and flux function. This is detailed in the following 


Assumption 1 (Flux Function and Initial Datum) We assume that 


l. q € Ww (R): 1 e L™(R) 2. fe Wi (R) strictly convex satisfy- 
ing limy +o 1 = 00. 


For the explicit solution formula for every fixed space-time point we require the 
convex conjugate of the function which we define as follows. 


Definition 28 (Convex Conjugate or the Legendre Fenchel Transform) Sup- 
pose that f satisfies item 2 in assumption 1, i.e., is in particular strictly convex 
and let 7 C R be a closed interval. Then, we define the Legendre Fenchel transform 
f* of f on as 


J” Œ) = sup {ux — f(u)}, x € Dom(f*), (6.1) 


uel 
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where the domain for the Legendre transform f* on J is defined as 


Dom(f*) := 7 € R: sup [xx — fœ} < o} i (6.2) 


xel 


Remark 13 (Convex Conjugate) Note that due to item 2, Dom( f*) is an interval in 
R or entire R. Furthermore, f* is also a convex function. 


Given these definitions and assumptions we can state the main Theorem 33: 


Theorem 33 (Existence/Uniqueness of Strong Solutions and the Lax-Hopf For- 
mula) Let Assumption I hold. Then, the initial value problem in Definition 27 
admits a unique strong solution q € Wi? ((0, T) x R), dog € L™((0, T) x R) 
and the solution at time-space point (t, x) € (0, T) x R can be posed as 


q(t, x) = mingoty) +t: f (27) (6.3) 


with f* as in Definition 28. The latter identity is called Lax-Hopf formula. 
Proof The proof can be found in [126, Chapter 3.3]. o 


Remark 14 (Interpretations of the Solution Formula and More) As pointed out this 
solution formula for q requires it to solve a minimization problem at every given 
point in space-time. However, as f* is strictly convex and qo grows at most linearly 
due to the assumption on gj € L°(R), this minimization problem always possesses 
one and only one minimal point for every given (t, x) € (0, T) x R. 


The following theorem makes the connection between the solution of the Hamilton- 
Jacobi equation and the Entropy solution of the corresponding conservation law. It 
thus details what had been described in Sect. 6.1. For the general theory of scalar 
conservation laws and types of solutions, particularly Entropy solutions, we refer 
the reader to [51]. 


Theorem 34 (Relation to the Corresponding Conservation Law) Given 
Assumption I, the spatial derivative of the solution stated in Eq. (6.3) in Theorem 33 
is the unique Entropy solution of the conservation law 


Or u(t, x) + Oy f(u(t, x)) = 0 (t,x) €(0,T)xR 
u(0, x) = qo(x) xeR. 
Proof The proof can be found in many text books, we again refer to [126, Chapter 
3.4, Chapter 11]. o 


This result is the key why instead of solving a conservation law, one might solve the 
corresponding Hamilton-Jacobi equation. One advantage of the solution is that it is 
Lipschitz continuous. Due to the gain in regularity one can apply methods on control 
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and optimization which one could not so easily apply on the level of conservation 
laws. 

In the following, we will also look into the case where boundary datum is 
prescribed, i.e., when we are on a bounded or semi-bounded domain. 

Before addressing the named question we look in detail into the bounded domain 
case: 


6.2.1 The Bounded Domain Case 


It is worth mentioning some results for the bounded domain cases: 


Theorem 35 (Lax-Hopf Formula on R.9) Let T € Rso and f satisfy Assump- 
tion l. Let the initial value ug € L®(Rso0) be given and assume that up € 
L®((0, T)). Then, there exists a unique strong Lipschitz continuous solution to 
the following Hamilton-Jacobi equation q : (0, T) x Roo — R with Neumann 
boundary datum 


dr q(t, x) + f(dx q(t, x)) =0 (t,x) € (0, T) x Rso 
q0, x) = gox) := [ uo(y)dy x € Rao 
dx q(t, x)| o = do) t e (0,7). 


The solution q can be represented by means of a three dimensional restricted 
minimization problem, for (t, x) € Rso x [0, T] 


q(t, x) = min | min [e> +00)}, 


yeRso 


min faw EPRE- E) f. tooa} |. 


Osht <t 
aeRso 


Furthermore, the spatial derivative of q, i.e., 
u(t, x) := 0, q(t, x), (t,x) € (0, T) x Ryo ae. 
is the entropy solution of the conservation law 


O; u(t, x) + Oy f(u(t, x)) =O (t,x) € (0, T) x Rso 


u(0, x) = uo(x) = q(x) x € Ryo 


satisfying the boundary condition in the sense of [29] 
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u(0, t) = up(t), te (0, T) almost everywhere 
with 
iip(t) := max {up(t), Or}, t € (0, T) a.e., Of = arg-miny cp f (x) 


the possibly attained boundary datum. 
Proof The proof can be found in [184]. o 


Remark 15 (Some Remarks to the Boundary Datum and the Solution Formula) 
The Neumann boundary datum on the level of Hamilton-Jacobi equations can be 
interpreted as a Dirichlet boundary datum for the corresponding conservation law. 
This is also why the boundary datum can only hold in the sense of [29] and also 
needs to be projected into what the flux function f can “handle.” 

Finally, from the solution formula in Theorem 35 one can see that the solution 
is computed in two parts. The first part, i.e., minyer.y ES) + got) is the 
solution which directly propagates the initial datum (compare Eq. (6.3)). The second 
part of the minimization is responsible for the interaction of boundary datum and 


initial datum. 


A further result is available for two sided boundary datum, however, in this case the 
solution formula is much more involved as the two boundaries can influence each 
other over time. We refer to [185]. 


6.3 Generalized Solutions 


In this section we will introduce more general solutions, the so-called Barron- 
Jensen/Frankowska solutions [30, 134] for Hamilton-Jacobi equations. Then, the 
spatial derivative might not even exist in a strong sense so that an interpretation on 
the level of conservation laws as in the previous section is not possible anymore. 
However, from an applied point of view the generalized solutions for the Hamilton- 
Jacobi equations have other desirable features. For example, they enable the 
reconciliation of data points incompatible with conservation laws, as often measured 
in experimental data [74]. In addition, the interpretation of these solutions goes back 
to the 1968 seminal article of Karl Moskowitz [234], which gives a practitioner 
interpretation to these solutions in terms of vehicle counts (which can be directly 
measured with loop detectors). The basic idea follows [21, 72-74] and related work. 
As this work is mainly concerned with traffic flow applications, the flux functions 
chosen here are concave. In addition, for the conservation law ing : (0, T)x X > R 
for t € [0, T] and x € X C Ra bounded interval 
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0, u(t, x) + dx f (u(t, x)) =0 
u(0, x) = ug(x) (6.4) 


+ boundary conditions 
we redefine the corresponding Hamilton-Jacobi equation as 
a q(t, x) — f(—dx q(t, x) =0 (6.5) 
so that for smooth solutions we obtain 
u(t, x) = —0, q(t, x). (6.6) 


We make this precise requiring the following 


Assumption 2 (Assumption on the Flux Function) Given a maximal density 
Umax € R>ọ we assume that the flux function f considered is concave, and Lipschitz, 
ie, f e W'®((0O, Umax)). As it will be important for the following Legendre 
Fenchel transform in Definition 29 to have f defined on R we extend it by the 
following procedure. Define 


py = sup fofo) ’ pe :—= — inf fofo) (6.7) 
(y)el0.umax2 (x.y)€[0umax}? *7 
we extend f by f : R > Ras follows 
f(x) x € [0, Umax] 
fŒ) = į f (Umax) — v¥(x — Umax) x € (Umax, 00) *ER (6.8) 
f@O)+ vx x € (—00, 0) 


and have that also f E€ WOR) is concave. The extension is also illustrated in 
Fig. 6.1. We also define 


fw ma f(x). (6.9) 


x€[0,Umax] 


The reformulation of Hamilton-Jacobi equations as in Eq. (6.5) also necessitates the 
redefinition of the Legendre transform as 


Definition 29 (Legendre Fenchel Transform in Traffic Flow Modeling) For a 
given Umax € Ro let a concave flux function f € w1% ([0, Umax]) be given and 
recall its extension f as in Assumption 2, the Legendre Fenchel transform reads 
for u € Dom(f*) as 
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Fig. 6.1 A flux (here Greenshields [159]) and its extension on R with umax = 100 


Fig. 6.2 Triangular flux 
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f*(u):= sup {p-u+ f(r}, Dom(f*) := fuer: sup [p-u+ f} < oof. 


peR peR 


For specific flux functions, as, for instance, for triangular flux functions, one can 
compute the dual function explicitly. We first define a triangular flux function as 
follows and then compute its dual. 


Definition 30 (Triangular Flux Function) We call f € W!({0, umax]) for a 
given Umax € Ryo a triangular flux function if it satisfies 


[0, Umax] — R 
f $ vu u < uc (6.10) 


u > 
w(u — Umax) else, 


where the model parameters are the free flow speed v € R»oọ, the critical density 
uc E [0, Umax), the congestion speed w € Reo and the maximal density Umax, 
satisfying Vuc = W(Uc — Umax). The flux function is illustrated in Fig. 6.2. 


To illustrate the complexity of the computations we give in the following an 
explicit expression for the Legendre Fenchel transform of f: 


Remark 16 (Computation of the Dual Function of the Triangular Flux) Let the flux 
as in Eq. (6.10) be given, and recall the transform in Definition 29 we compute its 
dual as 
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< 
f*(w) = sup tpu +P oo 
peR w(p — Umax) P Z Uc 

= plu + v) p < úc 

peR | p(u + w) — Wumax P = Uc 


sup sup plu+v), sup p(u+w)-— z5 


pe(—00, uc] pEluc, oœ) 
oo u<—uv 
= j uclu +v) -—v<u<-w, 
lee) u>—w 


where we have used vug = W(Ue — Umax) SO that we obtain as effective domain 
Dom(f*) = [—v, —w]. 


Assumption 3 (Notation for the Bounded Domain Case) The spatial interval 
on which we will consider the previously introduced Eq. (6.4) will be the interval 
(A, B) C Rwith A, B e R, A < B. For notational convenience, we will sometimes 
write 


X := (A, B). 


We then start with a basic definition of value conditions, one key ingredient for the 
generalized solution: 


Definition 31 (Value Condition) For T € Rso a value condition c : Dom(c) C 
[0, T] x X — R is a lower semicontinuous function. We extend ¢ by € : [0, T] x X 
on the entire space-time horizon by defining 


one c(t, x) E (t,x) € Dom(c) (6.11) 
oo else. 


For reasons of convenience we replace in the following ¢ again by c which is now 
defined on [0, T] x X but admits as effective domain on the original Dom(c). 


With this definition we can present the main theorem of this section, the generalized 
Lax-Hopf formula based on viability theory [22]. This viability epi solution to the 
Hamilton-Jacobi equation is obtained in epigraphical form from the computation 
of a viability kernel under an auxiliary dynamics (related to characteristics). The 
corresponding result is given in the form of a epigraphical set; the lower envelope 
of this set is defined as the solution. Once established, the results of this procedure 
can be fully characterized as follows (details outside of the scope of this book, see, 
for example, [36]). 
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Theorem 36 (Generalized Lax-Hopf Formula) The viability episolution m for c 
as in Definition 31 can be expressed as: 


m(t, x) = 


inf (c —5,x+su)+ sf"), (6.12) 
(u,s)€Dom( f*)x R59 


Proof See [74]. oO 


The following Proposition 11 enables it to compute solutions for different input 
datum (boundary datum, initial datum, datum on trajectories) separately, and then 
stick all of them together to one solution. 


Proposition 11 (Inf-morphism Property) For i € I where I is a finite set, let 
ci : Dom C (0, T) x R > R be as in Definition 31. Then, defining 


c(t, x) = min c; (t,x), (t, x) € (0, T) x X 
1E 


a property known as inf-morphism property holds: 


YC, x) € [0, T] x X, me(t, x) = min me (t, x) (6.13) 
tE 


with m,, being the solution for the value condition c; as in Theorem 36. 


Proof The proof can be found in [74]. o 


6.3.1 Piecewise Affine Initial and Boundary Datum 


In this section, we will investigate the generalized Lax-Hopf formula for specific 
initial and boundary datum, namely for piecewise affine datum. The restriction to 
this type of initial and boundary datum offers to compute the solution efficiently as 
a convex optimization problem, or—even more—state the solution explicitly. 

On the level of conservation laws this means that we approximate initial and 
boundary datum piecewise constant. As piecewise constant functions are dense in 
L! (R), L'(X) respectively, we can approximate every initial and boundary flux 
datum as precise as we want. 


6.3.2 Piecewise Affine Initial Datum 


Defining piecewise affine initial datum, we recall Eq. (6.6) so that we know that 
m, (0, x) = —uo(x) and as uo(x) € [0, Umax] Vx € X a.e., we define as follows 
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Definition 32 (Affine Initial Conditions) We consider for T € Rs the following 
affine initial condition mo: Dom(mo) C [0, T] x X > R: 


ax+b ifxef[a,a] A t=0 
mot, x) = = 
+00 otherwise, 


where a, @ € X witha < @ anda € [—Umax, 0], b € R. The effective domain of 
mo is 


Dom(mo) = {0} x la, œ]. 
Lemma 5 (Lax-Hopf Formula Affine Initial Conditions in Definition 32) The 


generalized solution to the Hamilton-Jacobi equation with initial datum as in 
Definition 32 can be expressed for (t, x) € (0, T) x X as 


inf a(x+tu) tbtt) Dom(f*yn[ 2, 24] 49 
ueDom(f*) 
Mngt, x) = yo[ 22.24] 


ee) else. 


The solution can actually be stated explicitly for triangular flux functions: 


Lemma 6 (Explicit Solution Formula for Definition 32 and Triangular Flux) 
For triangular flux function as in Definition 30 the solution formula in Lemma 5 can 
be stated as 


Mo (t, x) 


a +b+uc(tv—x) atue>0 


x € [max{A,a+ wt}, min{B, & + wt} 


| 
Q 
Q 
> 


uc(tu-—x) atu. <0 


oo else 


Proof According to Definition 32 and Dom(f*) = [—v, —w] we have for (t, x) € 
(0, T) x X so that [—4=*, +00) N E p= | + (recall that a < 0) 


v? 


inf a- (x+tu)+b+tf*(u) 
ne| 2, N 
[-v,—w] 


=ax +b +tucv +t. inf (a + uc)u 


üx we 
ue| =, 


t 


(a + u) =F at+uc = 0 


=ax+b+tucvt+t- = 
oe ae atuc <0 


6.3 Generalized Solutions 149 


_ Jaatb+u(tu-—x) atue>=0 
E aa@+b+u.(tu-x) atu. <0 


so that we obtain indeed 


aa+b+uc(tu-x) atu. >0 EE a 
Mm (t, x) =} [aŭ +b +uc(tv—=x) a+uc <0 


ee) else, 


which can be reformulated to holds exactly the proposed solution formula. o 


6.3.3 Piecewise Affine Left Hand Side Boundary Datum 


As the boundary datum for the Hamilton-Jacobi equation is time-integrated flow 
datum, we define as follows: 


Definition 33 (Affine Left Hand Side Boundary Datum) We consider the follow- 
ing upstream boundary datum y : [0, T] x X: 


ct+d iftely,v] Ax=A 
y(t, x) = v 
+00 otherwise, 


where c € [0, fmax], d € R and Y,y E [0, T] with y-y > 0. The effective domain 
of y is 


Dom(y) = [y, 7] x {A}. 


Lemma 7 (Lax-Hopf Formula for Affine Left Hand Side b.c.) The generalized 
solution to the Hamilton-Jacobi equation with left hand side boundary datum as in 
Definition 34 can be expressed for (t, x) € [0, T] x X \ {A} as 


inf c(t—s)+d+sf*(4~) [-43, boo) n [r Vit vy| #9 


> 
sel- 4=* +00) » 


nea 


IP 


My (t,x) = 


oo else. 


In case of a triangular flux function, we present the explicit solution formula in the 
following Lemma 8. 
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Lemma 8 (Explicit Solution Formula for Lemma 7 and Triangular Flux) For 
triangular flux function as in Definition 30 the solution formula in Lemma 7 can be 
stated for t € ly, T] as 


uc(at+vut—x)-—yuev-—c)+d x<A+vt—-y) x<A+v(t-y) 
my (t,x) = f(A x)+ct+d x2>A+v(t—y) 7 
55 else. 


Proof According to Definition 32, we have for (t, x) € (0, T)x X, [- áz , +20) N 
E ae 7] 4 Ø (recall that c € [0, fmax]) 


inf c(t—s)+d+sf* (A=) 
) 


se[— =, +00 


= inf = c(t—s) +d + su,(4* +v) 


AY 


=ct+d+u.(A—x)+ min s(ucv — c) 


sel- 55 +00) 
n[i-7.-z] 


and also c < fmax = f (Uc) = ucv 


= ct +d + uc(A — x) + max {—4—, t — F} ucv — c) 


a ucla + vt — x)— Y (ucv —c)+d x<A+v(t-y) 
(A= x)+ct+d x>A+t+ov(t-y), 


from which the conclusion follows. oO 


Definition 34 (Affine Right Hand Side Boundary Datum) We consider the 
following right hand side boundary datum £ : [0, T] x X: 


et+f ifte, p] Ax=B 


+00 otherwise, 


t, x) = | (6.14) 
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where e € [0, fmax], f € R are given as well as B, B € [0, T] with B- B > 0. The 
effective domain of £ is therefore 


Dom(f) = [£, B] x {B}. 
Lemma 9 (Lax-Hopf Formula for Affine Right Hand Side b.c.) The generalized 


solution to the Hamilton-Jacobi equation with right hand side boundary datum as 
in Definition 34 can be expressed for (t, x) € (0, T) x X \ {B} as 


= 400) s)+ f +sf* (5>) [ Se. boo) n [r Bt p] j 


nae] 


oo else. 


sel 
mg(t, x) = 


As in Lemma 8, we will give the solution explicitly for triangular flux function and 
left hand side boundary datum: 


Lemma 10 (Explicit Solution Formula for Lemma 9 and Triangular Flux) For 
triangular flux function as in Definition 30 the solution formula in Lemma 9 can be 
Stated for t € [B, T] as 


mep(t, x) 


u-(B+vt—x)+Ble—uev) + f x> B+w(t-— B) 


oo else. 


x > B+ w(t -— B) 


DoR x<B+ w(t — B) 


Proof According to Definition 32, we have for (t, x) € (0, T) x X, [23, +00) 
N E = p,t= £] Æ Ø (recall that e € [0, fmax]) 


S 


= inf e(t—s)+f+su(2* +0) 
“Gp teo) 
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=et+ f+u(B-—x)+ min s(ucgv — e) 
se[2—8 +00) 


n[r-B.1-2] 


and also c < fmax = f (Uc) = Uc 


=et+ f + uc(B — x) + max {*—2, t — B} (ucv — e) 


w 


umax(B — x) + 2e +et + f x<B+w(t— B) 


w 


uc(B + vt — x) + (e — ucv) + f x>Bt+w(t—B), 


from which the conclusion follows. o 


Having stated the solution for any piecewise affine initial datum and boundary 
datum, we can now move to present a solution formula for unification of such 
piecewise affine initial and boundary datum. 


Definition 35 (The Piecewise Affine Data) Let the sets 7, J, K C Ns be the 
index sets for the piecewise affine initial, left, and right hand side data. We assume 
that |Z|, |J], |K| < oo. Then, we consider for (i, j, k) € I x J x K the initial, left, 
and right hand side boundary datum 


aix + bi ifx €[a;,a;] A t=0 
mo,i(t, x) = 
+00 otherwise 
cjt+td; iftely.y,] Ax=A 
yeaa n X; Ya 
+00 otherwise, 


But, x) = bee if te[B,B] Ax=B 


otherwise, 


with corresponding effective domain and a € [—Umax, 0]'/!,b € R'!!,a,a@ € X"! 
with w < @,c € [0, fmax] "!,d € RVl,y,y¥ € [0,7]! with y < ye € 
[0, fam, f < R'‘!, B,B € [0,7]'*! with B < B the corresponding vectors 
collecting in their entries the different components of the set of piecewise affine 
linear initial and boundary data. 


By the foregoing Theorems we have for every (i, j,k) € I x J x K the existence 
of a generalized solution to the corresponding Hamilton-Jacobi equation, just 
incorporating the specific initial, upstream, downstream, internal data. Each solution 
is denoted by 


Mmj My Mpy (6.15) 
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This brings us to the following Theorem, which incorporates all these conditions 
into one single solution. 


Theorem 37 (Solution to the Hamilton-Jacobi Equation for Piecewise Affine 
Data) There exists a solution of the Hamilton-Jacobi Equation, incorporating the 
finite sequences of initial, boundary, and internal data, which we call c : [0, T] x 
X — R. Then, the solution can be determined for (t, x) € [0, T] x X by the formula 


m(t, x) = min | min mmo, (£, x), min my; (t, x), min mp (t, x)}, (6.16) 
icl i jes keK 


where the involved functions are introduced in Definition 6.15. 


Proof The proof is a direct consequence of the inf-morphism property as stated in 
Proposition 11 in Eq. (6.13) and Definition 35. oO 


Theorem 38 (Convexity of the Solutions When Changing the Parameters of 
Initial and Boundary Datum in Definition 35) For any (t,x) € [0, T] x X the 
solution m(t, x) as defined in Eq. (6.16) is convex with regard to the input variables 
of initial and boundary datum, i.e., a,b, c,d, e, f in the corresponding dimension. 


Proof We only sketch the proof. Due to the specific construction of the solution 
being the minimum of the minimum of different functions the solution is convex if 
each of the contributing solutions in Eq. (6.16) is convex. We start with two initial 
conditions defined on the same domain, so take according to Definition 32 for given 
a@,a@ € X : a < Q as initial datum mo(f,x) = ax + b, mo(t,x) = ax + b 
satisfying the constraints in Definition 32 and in particular (a, &) € [—Umax, 012. 
Then, the corresponding solutions are given in Lemma 6 and applying the definition 
of convexity, we obtain for A e (0,1) andt e [0,T], x €e [max{A, «œ + 
wt}, min{B, œ + wt}] 


Mi.mo+ (1—1): ño (t, x) 


_ Ga C= be + àb + (1 — Xb+ uc(tv- x), 2S = esau 0 
Qa + (1 —-Daje 436+ 0 1b + utv- x), Je + — ie tae <0 


aa+b, rAaa+(—-A)a+u.>0 


=uc(tu—x)+A 
aa+b, a+ (1—1) +u <0 


Ga+b, a+ (1—A)ŭ+uc > 0 


+U-A)y_ = R 
aa+b, rha+(1—A)atue <0 


aat+b, rja+ue>0 


<u.(tu—x)+% 
aa+b, àa+uc <0 
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ña +b, (1-A)ét+u,>0 


pae eae : 
aa+b, (l-A)Ja+tue <0 


a AMmo(t, x)+0- A)ming (t, x), 


where the inequality in the previous calculations follows from the fact that 


° (aa > aa) A (aa > aa) as a,a <0 
e {a € [—Umax, 0]: Aa + (1 — Aja > —uc} C {a € [—Umax, 0] : Aa > —ue} 
°. {a € [—Umax, 0]: a+ (1—2) > —uc} C {4 € [—Umax, 0]:  — 2) > —uc} 


for every à € [0, 1]. Similar calculations for the boundary datum using the solution 
formulae in Lemma 8, Lemma 10 give the convexity with regard to the input 
parameters of the boundary datum. o 


Remark 17 (Greenshields Flux Function) A similar explicit solution formula can 
be computed for other flux functions like the quadratic Greenshields [159] flux 
function f(x) = vx(Umax — x), x € [0, Umax]. In this case the Legendre Fenchel 
dual f* will be quadratic as well so that one obtains a quadratic scalar optimization 
problem with constraints. 


As previously stated Theorem 37 gives us a solution formula for any initial 
and boundary datum where one can also decouple the computation of each part of 
initial datum and boundary datum. However, for physical relevant solutions (i.e., that 
there exists the spatial derivative of the solution almost everywhere) one needs to 
prescribe additional constraints, the so-called compatibility constraints assuring that 
initial datum and boundary datum fit to each other. For instance, at the space point 
(0, 0) where initial and boundary datum meet, the datum needs to be continuous 
over this corner. In addition, assume that we have two parts of piecewise affine 
linear initial datum as parametrized in Definition 35 so that @} = a5. Then, the 
corresponding datum does not need to satisfy a continuity assumptions, which 
would be aj@; + bj = aoa, + bo. Same does not necessarily hold true for 
the remaining initial and boundary conditions and is the reason why one needs 
additional compatibility conditions. 


6.3.4 Compatibility Conditions 


To make sure that compatibility is satisfied so that we indeed obtain solutions of the 
underlying LWR PDE, we state the following 


Theorem 39 (Compatibility Condition) For the sequence of initial and boundary 
data as in Definition 35 the data is compatible iff 


Ye, če {moj si € T}U{yj: f € J} ULB tke kK} 
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it holds 


m-(t,x) >c(t,x) V(t,x) €[0,T] x X, (6.17) 


where m, is the solution operator for an initial or boundary condition c as discussed 
in Sect. 6.3.2. 


Proof See [74]. oO 


The compatibility condition might not look very applicable as it states compatibility 
by just computing the solution and checking then. However, in the case where we 
can compute the solution explicitly as we have shown in the previous Sect. 6.3.2 
for piece-wise affine linear datum, these inequalities can be checked directly. Even 
more, as the datum is piecewise affine linear Eq. (6.17) does not need to be checked 
for all (t,x) € T x X but only at the boundaries of the domain of each datum and 
at possible intersections of the corresponding solutions. 


6.4 Optimization with Hamilton-Jacobi Equations 


In this section, we show for an easy example how the introduced theory and 
framework in Sect. 6.3 can be used to formulate optimal control problems in a very 
efficient way as convex (or even linear) optimization problems. 


Problem 2 (Problem Considered) Assume we have at a specific time T € R>ọ 
measured the road density as ur € L° (X; [0, Umax]) and the downstream flow fg € 
L®((0, T); [0, fmax]). Can we infer the initial state uo € L°° (R) and upstream flow 
flu, A)) € L®((0, T))? 


We will address this problem by means of an optimal control problem. As we will 
take advantage of the previously developed Hamilton-Jacobi theory and generalized 
solutions (Sect. 6.3), we need to reformulate fg and ur as boundary values and end 
values for the Hamilton-Jacobi equations. Using the relation in Eqs. (6.6) and (6.5) 
we obtain for the Hamilton-Jacobi equation the following: 


Remark 18 (Reformulation in Terms of Hamilton-Jacobi Equations) The down- 
stream datum and end datum in Problem 2 read for the Hamilton-Jacobi equations 
for (t, x) € [0, T] x (A, B) as 


T B 
hp(t) = -f fels) ds, hrx) =f ur (x) dx. (6.18) 
t x 


Note that the choice of integral bounds makes the end term compatible with the 
boundary term in the way that hr(B) = 0 = hp(T). This is necessary as the 
datum we would like to track should be Lipschitz continuous. Although, Ar and 
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hg are Lipschitz on their corresponding space/ time domain, they will not satisfy 
compatibility at the space-time point (T, B). 


Now, we are able to formulate the corresponding optimal control problem in terms 
of Hamilton-Jacobi equations as in Definition 36: 


Definition 36 The Optimal Control Problem Considered For (v,0) € R24 we 
consider the following constrained minimization problem 


inf — vlihg — mG, B)|I72 + o|m(T, -) —Ar|22¢; 
moeW!™((X)) L2?(0,T)) L2(X) 
hpW!©((0,T)) 


where m is the solution of the Hamilton-Jacobi equation m for initial datum mo 
and left hand side (upstream) boundary datum ha as stated in Theorem 36 and 
Proposition 11 for the corresponding value functions. 


We will not go into details whether a minimum exists in the chosen functional setup 
but directly approach the problem in a simplified version: Restricting the flux to a 
triangular flux as in Definition 30 and the initial and boundary datum to a piecewise 
affine datum, we can simplify the problem as follows: 


Definition 37 (A _Finite-Dimensional Optimization Problem for Triangular 
Flux Function and Piecewise Affine Linear Initial and Left Hand Side 
Boundary Datum) Chose for the left hand side boundary datum and initial 
datum as in Eq. (6.15) the finite set J and J with corresponding w@,a € X!!! 
so that Ujes[a;,@%] = X and F, y € [0, T]! so that Ujesly Vj] = [0,T]a 
finite-dimensional approximation to Definition 36 reads as , 


. 2 
inf vilhe — m(, B)Ilz2 
a€[—Umax,0] 
beR"| 
cé[0, fmax]!”! 
deR!” 


2 
((0,T)) F olim(T, -) = hrl 


m(t, x) = min | min Mmg, (t, x), min m,, (t, x)} 
iel i jet ” 


Mmo; as in Lemma 6 iel 
my, as in Lemma 8 JEJ. 
As this minimization problem will have results which are not of interest as the 


corresponding initial and boundary values are not attained we can add a penalization 
for b, d and compatibility constraints. We then obtain 


Theorem 40 (A Convex Optimization Problem) Adding to the optimization 
problem in Definition 37 the corresponding compatibility constraints Theorem 39, 
we still obtain a convex optimization problem in the optimization variables 


a,b,c,d. 
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Proof This is a direct consequence of the structure of the compatibility constraints 
in Theorem 39, and the convexity of the solution in Theorem 38. o 


Of course, the previously outlined optimization problem could easily be generalized 
to more complex situations and the underlying convexity structure could still be 
applied. In addition, as an explicit solution formula is available, the computation of 
the minimization problems is fast. Under specific circumstances and more manip- 
ulations one can even obtain linear or quadratic and/or mixed-integer programs 
[61, 74, 221]. 


6.5 Bibliographical Notes 


For general theory and viscosity solutions of Hamilton-Jacobi equation we refer 
the reader to [94, 95] where the authors consider time-dependent and independent 
Hamilton-Jacobi equations with a Hamiltonian which can also be explicitly space 
and time-dependent with Dirichlet boundary conditions and as Cauchy problem. 
They introduced a notation of solutions, i.e., viscosity solutions for which existence 
and uniqueness of solutions and stability properties can be obtained (compare 
also [28]). For a rather comprehensive presentation on optimal control, the related 
Hamilton-Jacobi-Bellman equations (as optimality conditions) and the named 
viscosity solutions we refer the reader to [27, 71]. In the book [225] general solutions 
of Hamilton-Jacobi equations are discussed, in [30] and [134] semicontinuous 
viscosity solutions. For viability theory we refer to [22, 36] and for Hamilton-Jacobi 
equations with inequality constraints to [21]. 

Applications of Hamilton-Jacobi equations and related theory for transportation 
can be found in [72—74] which are one of the main sources for the latter chapter. 
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Appendix A 
Conservation and Balance Laws and 
Boundary Value Problems 


This appendix is intended to give some background for the reader about the 
mathematical theory of conservation and balance laws, possibly coupled with 
boundary data. 


A.1 Basic Definitions 


A system of balance laws in one space dimension can be written in the form 
ð u + Ox f(u) = gu), (A.1) 


where ż is the time, x is the space, u : [0, +oo[xR — Q C R” is the conserved 
quantity, f : Q — R” is the flux function, and g : Q — R” is the source 
term. In the case g = 0, the system (A.1) is called a system of conservation laws. 
Such terminology is justified by the following observation. Integrating (A.1) on an 
arbitrary space interval [a, b] and assuming for simplicity u is a smooth function, 
then, 


d b b b b 
F) ue oda= f aut, x) dx =- f Ox fut oat f g (u(t, x)) dx 


a a a 


b 
= f (u(t, a)) — f U(t, b)) +f 8 (u(t, x)) dx. 


a 


Thus the variation of the amount of u in the interval [a, b] is related to the quantity 
of u entering and exiting, respectively, at x = a and x = b and to the quantity of u 
generated by the source function g. 

The flux function f is always supposed to be smooth. Therefore (A.1) can be 
written, if u is smooth, in the quasi-linear form 
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ð, u + A(u)ðy u = g(u), (A.2) 


where A (u) = Df (u) is the Jacobian matrix of f at u. 


Definition 38 We say that (A.2), or (A.1), is a hyperbolic system (respectively, a 
strictly hyperbolic system) if, for every u € Q., all the eigenvalues of the Jacobian 
matrix A(u) are real (respectively, real and distinct). 


Example 6 The Aw-Rascle—Zhang model for traffic flow is 


Or P + dx (y — p P(p)) =9 
dry + Ox (2 0 -p po))) = 0, 


where p = p(t, x) denotes the average density of cars at time f and at position 
x, y = p(v+ p(p)) is a generalized momentum, v is the velocity of cars, p is 
a “pressure” term, and y > 0 is a fixed parameter. In this situation, n = 2 (i.e., 
the system is composed of n = 2 equations), the conserved vector variable u is 


(p, y), and the flux f(u) is given by (> —pp(p), A (y-p p(p))). Therefore, the 
Jacobian matrix A of the flux f is 


“pte 1 
Ria ( P(o) p P(p) ) 


5 ypo) 25 — plo) 


and so its eigenvalues are 


a1 =~ —plp)— pp'(p), dg =~ — pip). 
p p 


Clearly, if ọ > 0 and p’(p) > 0, then à} < Az, and so the system is strictly 
hyperbolic. 


Example 7 The p-system model in Eulerian coordinates for gas flow in a tube is 


ape =o 
ðr q + dy (+p) =0, 


where p = p(t, x) denotes the average density of gas at time ¢ and at position x, 
q = q(t, x) is the linear momentum, and p = p(p) is the pressure term. Again, 
n = 2 (i.e., the system is composed of n = 2 equations), the conserved vector 


variable u is (pọ, q), and the flux f(u) is given by (a. È + p(p)). Therefore, the 


Jacobian matrix A of the flux f is 
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3 0 1 
— 2 
a -irt p'(p) 24 


and so its eigenvalues are 
= q / — q / 
Mt VPR) i= P(e). 


Clearly, if o > 0 and p’(o) > 0, then A; < Az, and so the system is strictly 
hyperbolic. 


Example 8 The Saint-Venant or shallow water equations for the description of 
open channels are 


a, H + a; (HV) =0 
dV +a: (4+ 8H) =0, 


where H = H(t, x) denotes the water level at time ¢ and at position x, V = V(t, x) 
is the water velocity, and g is the gravitation constant. In this situation, n = 2 (i.e., 
the system is composed of n = 2 equations), the conserved vector variable u is 


(H, V), and the flux f(u) is given by (Gaz ig + sH). Therefore, the Jacobian 
matrix A of the flux f is 


and so its eigenvalues are 
A, =V—-W~J/gH A2=V4tJ/eH. 


Clearly, if H > 0, then A; < A2, and so the system is strictly hyperbolic. 


A.2 BV Functions 


Consider an interval J C R and a map u : J + R. The total variation of u is 
defined as 


N 
TV (u) = sup | >> |u(xj) — sasol] ; (A.3) 


i=l 
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where the supremum is taken over all N > 1 and all (N + 1)-tuples of points 
x; € J such that x9 < xı < ... < xy. If the total variation of u is finite, then we 
write u € BV(J; R). Specific properties of BV functions used in this chapter are 
presented below; for a proof, see [51, Section 2.4]. 


Lemma 11 Letu : ja, b[ > R” have bounded variation. Then, for every x € 
Ja, b|, the left and right limits 


u(x—) = lim uQ), RO) = am uO) 


are well defined. Moreover, u has at most countably many points of discontinuity. 
The following lemma concerns piecewise constant approximability of BV functions. 


Lemma 12 Letu : Rt R” be right continuous with bounded variation. Then, for 
every € > 0, there exists a piecewise constant function v such that 


TV (v) <TV (u), llu—ullL~ < €. 


If, in addition, 


0 +00 
f lu(x) — u(—oo)| dx +f u(x) — u(+oo)| dx < +00, 
0 


—oo 
then one can find v with the additional property 

llu — vll: < €. 
The space of BV functions and its closure in L! are at the center of well- 


posedness results for conservation laws using wave-front tracking methods and 
other approximation schemes. 


A.3 The Method of Characteristics 


In this section, we briefly describe the method of characteristics for the Cauchy 
problem 

0; u + a(u)dx u = g(u), 

AA 
Bree = ug(x), = 


where a = a(u) and g = g(u) are given smooth functions, and u is a given initial 
condition. The idea of this method consists in finding one-dimensional curves, along 
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which the solution to (A.4) can be explicitly computed. In this way, a first order 
partial differential equation can be solved using ordinary differential equations. 

For every y € R, define the functions t +> X,(t), t +> Uy(t) as the solutions to 
the system 


aXvO = a(Uy(t)), 
Huy) = g(Uy(t)), 
X,(0)= y, 

U, (0) = uo(y). 


(A.5) 


The curves t +> X,(t) are called characteristics, while U, (t) represent the solution 
u to (A.4) along the characteristics starting at the point (0, y). If the map 


(t, y) > (t, Xy@) (A.6) 


is invertible, then the inverse function (t, X) > (t, yx(t)) allows to express the 
solution u to the Cauchy problem (A.4) in the form 


u(t, x) = Uy, (t). (A.7) 


Example 9 Consider the inviscid scalar Burgers’ equation 


0,u+ud,u=0 (A.8) 
with the initial condition 
1— |x|, ifx e [-1, 1], 
Z A. 
uo(x) | 0, otherwise, oe) 
see Fig. A.1. System (A.5) becomes 
d E 
aX y0) = Uy(t), 
ai Uy(t) = 0, (A.10) 
X0) =y, 
U, (0) = uo(y), 
and its solution is 
Uy(t) = uo(y). 


Therefore, 
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24 uo 


-2 -1 0 1 2 


Fig. A.1 The initial datum wo of Example 9 


Fig. A.2 The characteristic 
curves for the Cauchy 
problem in Example 9 


y, ify < —-l, 

y+ (1+ y)t, if—1<y<0, 
y+ (l1-— y)t, if0<y<l, 
y, ify >l, 


Xy(t) = (A.12) 


see Fig. A.2. We notice that, if t < 1, then the characteristic lines do not intersect 
and the function 


ztl if -1 <x <1, 
u(t, x)= į =, iff<x<1, 
0, otherwise 


provides a classical solution to the Cauchy problem (A.8)-(A.9). If £ > 1, then 
different characteristic lines intersect and therefore a classical solution does not 
exist. In Fig. A.3, the profiles of the solution u at times t = 0.5, t = 0.75, and 
t = 0.95 are plotted. 


Example 10 Let us consider the inviscid scalar Burgers’ equation 


ðu +u ðy u = 0, 
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Fig. A.3 Solution to Burgers’ equation of Example 9 at times t = 0.5, t = 0.75, and t = 0.95 


with the initial condition u(0, x) = uo(x) = cH see Fig. A.4. System (A.4) has 


4x2? 
the solution 


X O=y+ 5t, 
Paa (A.13) 
U, (t) = Ty?" 


Since U,(t) does not depend on ¢, then u(t, x) is constant along the lines in the 
(t, x)-plane described in the parametric form as 


t 
tr |t, 
= ( os ss) 


see Fig. A.5. Moreover, along such curves, the value of u is 


g y2’ 

In Fig. A.5, it is clear that the characteristic curves intersect together. More 
precisely, there exists a time T = 5 with the following property. For t < T, 
the characteristic lines do not intersect together and so a classical solution exists, 
but for t > T different characteristics intersect, showing that a classical solution 
cannot exist for tf > T; see Fig. A.5. In Fig. A.6, the profiles of the solution u 


to (A.4) at times t = 0.5, t = 1, and t = 1.5 are plotted. 
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A uo 
2 se 
i C 
= l t t 7 ia 
4 3 iL 2 3 4 
=f 
Fig. A.4 The initial datum uo of the Cauchy problem in Example 10 
Fig. A.5 The characteristic At 
for Burgers’ equation of 
Example 10 in the 
(t, x)-plane 
x 
f t t > 
=2 1 2 3 4 
T T 
1 + 
U 
0 i I 
-6 -4 2 4 6 


Fig. A.6 Solution to Burgers’ equation of Example 10 at times f = 0.5, t = 1, and¢ = 1.5 
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A.4 Weak Solutions 


As noted in Examples 9 and 10, classical solutions to hyperbolic conservation laws 
do not exist in general for all times ¢ > 0. This happens independently of the 
regularity of the initial condition. More precisely, when two different characteristic 
curves collide, the solution becomes discontinuous. Hence we must deal with the 


concept of weak or distributional solutions. 


Definition 39 Fix T € [0, +00]. A function u € Li. ({0, T] x R; R”) is a weak 
solution to the balance law 


ðr u + dx f(u) = glu) 


if, for every function y € c! q0, T[ xR; R”), it holds 


T 
f [abt fay gaw dx dt = 0. (A.14) 
0 R 


The usual definition of weak solution for a Cauchy problem is the following. 


Definition 40 Fix wo € L! (R; R”) and T € [0, +00]. A function u : [0, T] x 


loc 
R > R” is a weak solution to the Cauchy problem 


ðr u + dx f(u) = gu), Er 
u(0, x) = uo(x), 

if u is continuous as a function from [0, T] into Llo if u is a weak solution to 

ðr u + ðy f(u) = g(u), according to Definition 39, and lim,_,9+ u(t, x) = u(x) in 

L! (R), which means 


lim |lu(t,-) — uollgı = 0. (A.16) 
tot 


Weak solutions to conservation laws can have discontinuities, such as shocks or 
contact discontinuities. The next result gives a necessary and sufficient condition, 
usually called the Rankine—Hugoniot condition, for piecewise constant functions to 
be weak solutions. It gives a condition on discontinuities for weak solutions to (A.1) 
relating the right and left states with the “speed” A of the discontinuity. 


Proposition 12 Fix time T > 0 and constant states u1, u2 € R”. The function 


uj, if x <At, 


: (A.17) 
u2, if x >At 


u(t, x) = | 


is a weak solution to 0; u + 0x f (u) = 0 if and only if à € R satisfies the Rankine- 
Hugoniot condition 
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f(u1) — flu2) = à (u1 — u2). (A.18) 


Note that (A.18) is indeed a system of n scalar equations. In the case n = 1, it can 
be written in the form 


2 fu) — f(u2) 


uj — u2? 


À 


provided u; # u2. 


Proof Here we only prove that if u is a weak solution, then the Rankine—Hugoniot 
condition holds. The converse implication can be deduced in a similar way, and 
hence we omit it. 

Assume therefore that u is a weak solution to ð; u + 0, f (u) = 0. Fix vw: R? > 
R” a C! function with compact support, contained in a compact and connected set 
K with smooth boundary, and consider the vector field ® : R? > R?, defined by 


D(t, x) = Ut, x) - wt, x), fut, x)) - Yt, x)). 
Moreover, define the sets 
K+ = KN {x > Ath, K~ = KN {x < ìt}, K°=KN {x =At}; 
see Fig. A.7. Denote by ny and n_, respectively, the outward normal to KT and 


K” at points of the boundaries 0K * and dK~ of K* and K7. Note that, for points 
satisfying x = At, the expressions for n+ and n_ are given by 


1 
AEFI 


P 
| 


n 


(A, 


The Divergence Theorem, applied to ® on K*, implies that 
f div (t, x) aar= f ne: 0da = | n4 (t, x): ®(t, x) do 
K+ aKt Ko 


b 
= aa | (Au(t, At+) — f(u(t, At+))) - Wt, At+) dt, 


where 


a=inf{t>0: (t,x) € K?, 3x e R} 


A.19 
b = sup ft > 0: (t,x) € K’, 3x ER}. ( ) 


Moreover, the Divergence Theorem, applied to ® on K7, implies that 
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Fig. A.7 Region where the 
divergence theorem is applied 


1 b 
div ®(t, x) dx dt = -— | (Au(t, At+) — f (u(t, At+)))-W(t, At+) dt. 
i Vi +1 Ja 
The fact that u is weak solution to 0; u + 0, f (u) = O implies that 
0 =i div ® (t, x) dx dt = div B(t, x) dx dt +f div B(t, x) dx dt, 
K Kt K- 
and so 
i= f [A (ut =u”) = (Fut) = fu]: plt, At) de. 
The arbitrariness of the function y implies that 


A(ut —u~) = f(u*) — fw), 


i.e., A satisfies condition (A.18). 
Oo 


The notion of weak solution for conservation laws does not guarantee unique- 
ness. The next example shows that there are infinitely many weak solutions for the 
same Cauchy problem. Therefore, to obtain a unique solution for a Cauchy problem, 
the notion of weak solution must be supplemented with admissibility conditions, 
possibly motivated by physical considerations. 
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—0.2 


Fig. A.8 The solution ug of Example 11 in the (t, x)-plane 


Example 11 Let us consider the scalar Burgers equation 


u2 
0; u + Ox 5 =0, 


with the initial condition 


l, if x>0, 
wo = wot) = | j if x <0 


For every 0 < œ < 1, the function uy : [0, +oo[xR — R defined by 
0, if x< Z, 
ualt, x)= ya, if Pepe 
l, if x> Gur 


is a weak solution to the Burgers equation; see Fig. A.8. Indeed, ug has two 
discontinuities along the lines x = at/2 and x = (1 + @)t/2; i.e., there are two 
shocks travelling with speeds 4; = œ/2 and Az = (1+«a@)/2. Since the flux function 


: 2 ; : ; i 
is f (u) = 45, the corresponding Rankine—Hugoniot conditions 


2 
fa) -fO=5 0=5 (œ — 0) = à1 (œ — 0) 


and 
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1 a 
fD-f@ =; = (1 — æ) = ù2(1 — @) 


hold. 


A.5 Entropy Admissible Solutions 


As shown in Example 11, there are situations of non-uniqueness for weak solutions 
to Riemann and Cauchy problems. Hence additional conditions are necessary in 
order to isolate a unique solution. A possible way is to choose the solution, which 
minimizes the entropy dissipation. The next definition introduces therefore the 
concept of entropy, entropy flux, and entropy production. 


Definition 41 A convex function n € C!(R”; R) is an entropy for (A.1) if there 
exists a function q € C!(R"; R) such that 


Vatu) = Vntu) - V f(u) (A.20) 
for every u € R”. The function q is called an entropy flux for 7 and the pair (n, q) is 


called an entropy—entropy flux pair for (A.1). Finally, the function h(u) = Vn(u) - 
g(u) is said entropy production. 


In the scalar case, i.e., when n = 1, Eq. (A.20) can be written in the form 
q'u) = n'u) f' (u). (A.21) 
Therefore, for every C! convex function n, there exist infinitely many entropy fluxes 
u 
q(u) = / n'(s) f'(s) ds, 
u 


where u € R is arbitrary. 
The definition of entropy admissible solution is the following one. 


Definition 42 A weak solution u = u(t, x) to (A.1) is said entropy admissible if, 
for every entropy—entropy flux pair (7, q) and for every w € c q0, T[xR; R) 
satisfying w(t, x) > 0 for all (t, x) € JO, T[xR, it holds 


T 
/ [ (n(u)ð: Y +qU)ðx Y + h(u)y) dx dt > 0, (A.22) 
0 


where h(u) = Vn(u) - g(u) is the entropy production. 
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Example 12 Consider the function 


u(t,x) = i 


< 
l, if x> 


TER ; ; 2 
which is a weak solution to the scalar Burgers equation 0; u + 0 (+) = 0, see also 


Example 11. 
We show here that u is not entropy admissible, according to Definition 42. To 
this aim, let us consider the convex entropy n(u) = u? and the corresponding 


entropy flux q(u) = A Fix a test function yY € C. q0, T[ xR; [0, +oo[) such 
that y (3, T) > 0 and define the sets 


2) = [eD € 10, 71x R: x< z] = fen € 10,71 xR: x> at 
We have that 
T 
i | oue Dava + alae Daye) dx dt 
=J (n(u(t, x))dr Y(t, x) + qult, x))ðx Y(t, x)) dx dt 
QUR, 
=| | Onyedi) de a 
l 
+ff (n()o; W(t, x) + q()dx W(t, x)) dx dt 
; 2 
=J div (ven, T dx dt. 
2, 3 
Applying the Divergence Theorem, we deduce that 
Tf div (ve x) “ya ») aars f (1 >) ; (= =) V5 (: =) dt 
; a Jo A Be W5 v5 "2 
= T t d dt < 0 
=-3 f vez) “< 
and so 
T 
| [ ame. wen + q(u(t, x))ðx W(t, x)) dxdt < 0. 
0 


Consequently, (A.22) does not hold, proving that u is not entropy admissible. 
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Example 13 Consider the function 


l, if x< 
0, if x> 


u(t, x) = | 


u? 


which is a weak solution to the scalar Burgers’ equation 0; u + 0 ( +) = 0, see 


also Example 11. 

We show here that u is entropy admissible, according to Definition 42. To this 
aim, consider an arbitrary convex entropy ņ(u) and the corresponding entropy flux 
q(u), fix a test function Y € Cc! q0, T[ xR; [0, +00)), and define the sets 


2 = [eD € 10, 71x R: x< ;| w= fen €10,T1 xR: x> A 
We have that 
T 
Í [ (n(u(t, xD) WE, x) + q(ult, Dae W(t.) deat 
=f) (n(ult, x))% Wt, ET T AE E EET 
QUR, 
-Jf EEEE EEE T 
l 
+S O EEEE EEE 
-Jf wore Daye dxdt 
l 
4 J / div (1OY G, x), qO Wt, x) dx dt. 
Qr 
Applying the Divergence Theorem, we deduce that 


If. div (nit, x), q(D(t, x) dxdt 
l 
T -1 2\<~%5 t 
= 1),q(1))- ; > d 
f 00a (i) Fe (5) « 


7 n(l)\ fT t 
-(a0-"P) f v(r 5) K 


and 
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f Í, div (nO)W(t, x), qO)W(t, x) dxdt 


-f (100), (0) - (= =)5 ay (« =) T 


T 
(2-0) fo) 


Consequently, we deduce that 


T 
l [oue Davea aue Daye) dx dt 


= 5 (0) = n() + 2q(1) -290) f v(t 5) dt. 


Using (A.20), we have that g’(u) = un’ (u) for every u and so 


1 1 
a(t) — 40 = f aii ntd)~ | “Dae 


hence 


1 0 1 1 
5 (0) -10 +2401) ~ 24(0)) = men = n(u) du. 


Since 7 is convex, then 
nu) < n(0) + (nC) — n(0)) u 
for every u € [0, 1] and so 


"0+0 


[ n(u) du < n(0) + (n(1) — no» f u du 5 


Finally, the positivity of the function y implies that 


T 
f [ ouaa Y(t, x) + qult, x))ðx Y(t, x)) dxdt > 0, 
0 


proving that u is entropy admissible. 
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A.5.1 Kruzkov Entropy Condition 


In the scalar case, i.e., when n = 1, it is possible to consider entropies which 
are continuous but not continuously differentiable. In this setting, one obtains an 
entropy condition, which is known as the Kruzkov entropy condition; see [198]. 
For each k € R, consider the convex entropy function ng(u) = |u — k|, which 
is not differentiable at u = k, and consider the corresponding entropy flux q (u) = 
sgn (u — k) (f (u) — f (k)). 
Definition 43 A weak solution u = u(t, x) to the scalar equation (A.1) satisfies the 
Kružkov entropy admissibility condition if 


T 
f! f E E T E O T — Ke(u)p] dxde > 0 


for every k € R and for every y € C} (10, T[xR; R+). 


A.6 The Riemann Problem 


In this section, we briefly describe the entropy admissible solutions to Riemann 
problems. Let Q C R” be an open set, let f : Q — R” be a smooth flux, and 
consider the strictly hyperbolic system of conservation laws 


ðr u + 0x f(u) = 0. (A.23) 


Definition 44 A Riemann problem for (A.23) is the Cauchy problem (A.15), where 
the initial condition ug has the form 


u`, ifx <0, 


A.24 
ut, ifx >0, ( ) 


uo(x) := | 


with u~,ut € Q. 


In view of Definition 44, we describe the solution to the following Riemann 
problem: 


du +3 f(u) =0 


u(0, x) = uo(x) = P ifx<0 (A.25) 


ut ifx >0, 


where u~,u+ € Q. We consider the scalar case, i.e., n = 1, and the system case, 
i.e.,n > 1, separately. 
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A.6.1 The Scalar Case 


Here we assume that n = 1 and that Q = R for simplicity. The case of Q a real 
interval is straightforward. Let f : R > R be a smooth flux function, u~,u* € R, 
u` +Æ ut. We treat two symmetric situations: the strictly convex and the strictly 
concave flux. 


A.6.1.1 The Riemann Problem for a Strictly Convex Flux 


Assume that the flux function f : R — R is strictly convex. The solution to (A.25) 
depends on the following two possibilities. 


u` <u: Inthis case, f’(u~) < f’(u*) and so the characteristic lines, starting 
at t = 0, do not intersect together. Therefore (A.25) produces a rarefaction wave 
and its solution has the form 


UL, ifx < f'(u)t, 
ult, x) = 4 g (Žž), if f UT) <x < fut, (A.26) 
UR, ifx > f'(u®)t, 


where g denotes the inverse map of the derivative f” of the flux; see Fig. A.9. 
Note that the assumptions on f do imply that f’ is injective and so invertible. 
u` >u: In this case, f’(u~) > f’(ut) and so the characteristic curves 

intersect. Therefore, (A.25) produces a shock wave of the form 


z= f'(a) z= f'(u*)t 


g 

S&S 
— 
+18 
ee 

Q 
+ 


Fig. A.9 The solution (A.26) to the Riemann problem (A.25) with strictly convex flux function in 
the case u~ < ut on the (t, x) space 
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z= At 


Fig. A.10 The solution (A.27) to the Riemann problem (A.25) with strictly convex flux function 
in the case u~ > ut on the (t, x) space 


u`, ifx < ìt 
t, x)= i , A.27 
we) e ifx > At, ( ) 
where à = Pat we is ACHP is the speed of the jump, given by the Rankine—Hugoniot 
= ua~—ut P Jump, g y g 


condition, see Fig. A.10. 


A.6.1.2 The Riemann Problem for a Concave Flux 


Assume that the flux function f : R — R is strictly concave. The solution to (A.25) 
depends on the following possibilities: 


u` <u: In this case, f’(u~) > f'(u™) and so there exist two different 
characteristics, which intersect together. Therefore, (A.25) produces a shock 
wave and its solution has the form 


u`, ifx <dt 
t,x) = a ; A.28 
Meee A ifx > At, ( ) 
where à = fu )-fe") is the speed of the jump, given by the Rankine—Hugoniot 
= aa P Jump, g Y: g 
condition. 


u` >u: In this case, f’(u~) < f’(u*) and so the characteristic lines, starting 
from t = 0, do not intersect together. Therefore, (A.25) produces a rarefaction 
wave of the form 
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u`, ifx < f'(u5)t, 
ult, x)= 4{ 8g (=), if fu )t <x < fu), (A.29) 
ut, ifx > f’(ut)t, 


where g denotes the inverse map of the derivative f’ of the flux. 


A.6.2 The System Case 


Let f : Q > R",n > 1, be a smooth flux function, u~, ut € Q, u7 Æ u”. 
As before, we denote by A(u) the Jacobian matrix of the flux f and with 4; (u) < 
- < Àn (u) the ordered n eigenvalues of the matrix A(u). Let {r1 (u), ..., Fn (u)} be 
a basis of right eigenvectors. For i € {1,--- , n}, we define the directional derivative 
of A; (u) in the direction of r; (u) as 


VAU) + ri(u) := lim MEEN E 
e—>0t E 


We need to introduce the definition of genuinely nonlinear characteristic field and 
of linearly degenerate one. 


Definition 45 The i-th characteristic field (i € {1,---,n}) is said genuinely 
nonlinear if 


Và;(u)- ri (u) #0 Vu E€ Q. 
The i-th characteristic field (i € {1, --- , n}) is said linearly degenerate if 
Và; (u) - ri(u)=0 Vu E€ Q. 


If the i-th characteristic field is genuinely nonlinear, then we assume that VA; (u) - 
rj(u) > 0 for every u € Q. 

The Riemann problem (A.25) produces n different waves in general, one for each 
characteristic field. In the case a characteristic field is genuinely nonlinear, then, a 
shock or a rarefaction wave is produced (as in the scalar case with strictly convex or 
concave flux). In the case a characteristic field is linearly degenerate, then, a contact 
discontinuity wave is produced (similar to the transport scalar equations). 

There are three possible key cases. 


1. Centered rarefaction waves. For u~ € Q,i € {1,---,n}ando > 0, define 
R;(o0)(u_ ) as the solution to 


u=rj(u), 
tz nae (A.30) 
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Let õ > 0 and assume that ut = R;(a)(u—) for some i € {1,--- , n}. If the i-th 
characteristic field is genuinely nonlinear, then the function 


u`, if x <A;(u_)t, 
u(t, x) := 4 R(o)(u_), if x = à;(Ri(o)(u™))t, o € [0,0], (A.31) 
ur, ifx > Aj(ut)t 


is an entropy admissible solution to the Riemann problem (A.25). The function 
u(t, x) in (A.31) is called a centered rarefaction wave. 


Remark 19 Note that the construction of u in (A.31) can be done only if 
Ai(u~) < A;(ut). This condition holds only in the case & > 0. 


2. Shock waves. Fix u` € Q andi € {1,--- ,n}. For some oo > O, there exist 
smooth functions S;(u_) = S; : [—o9, oo] —> Q and à; : [—o9, oo] —> R such 
that: 


(a) f(Sj(o)) — f (u7) = Ai(o)(Si(o) — u`) for every o € [—90, oo] 
(b) S: (0) = u”, A; (0) = ài (u7) 
(c) BO l0 = ri (U7) 
Let < 0 and define ut = S; (5). If the i-th characteristic field is genuinely 
nonlinear, then the function 


u`, ifx < ài@)t, 


A.32 
ut, ifx > Ajy(o)t ( ) 


u(t, x) := | 


is an entropy admissible solution to the Riemann problem (A.25). The function 
u(t, x) in (A.32) is called a shock wave. 


Remark 20 If ao > 0, then (A.32) is still a weak solution to (A.25), but it does 
not satisfy the entropy condition. 


3. Contact discontinuities. Fix u` € Q, i € {1,---,n} and € [—00, oo]. 
Define u” = S;(c). If the i-th characteristic field is linearly degenerate, then 
the function 


u`, ifx <Aj;(u_)t, 


A.33 
ut, ifx > Aj(u~)t ( ) 


u(t, x) := | 


is an entropy admissible solution to the Riemann problem (A.25). The function 
u(t, x) in (A.33) is called a contact discontinuity. 


Definition 46 The waves defined in (A.31), (A.32), and (A.33) are called waves of 
the i-th family. 
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For each ø € R andi € {1,..., 7}, let us consider the Lax curve 
= Ri(o)(u), ifo = 0, 
j = A.34 
¥ilo@) oo ifø <0, A 


where u € Q. The value ø is called the strength of the wave of the i-th family, 
connecting u to y; (o )(u). Moreover, let us consider the composite function 


Wo1,---, On) ) = Yn(On) 0: o Wi (oi) ), (A.35) 
where u~ € Q and (oj,...,0,) belongs to a neighborhood of O in R”. The 
following result about the local existence of solution to a Riemann problem holds. 


Theorem 41 For every compact set K C Q, there exists 6 > 0 such that, for 
every u- € K and for every u* € Q with jut = u` | < ô, there exists a unique 
(01, .--, On) in a neighborhood of 0 € R” satisfying 


P(o... , on) (U7) = u”. 
Moreover, the Riemann problem connecting u~ with u* admits an entropy admissi- 


ble solution, constructed by piecing together the solutions of n Riemann problems. 


In the following examples, we consider the Saint-Venant equations, the Aw- 
Rascle—Zhang model, and the p-system, and we describe the various waves for such 
systems. 


Example 14 The Saint-Venant or shallow water equations are 


ea coe 
(A.36) 


aV +a (F +8H) =0, 


where H = H(t, x) denotes the water level at time ¢ and at position x, V = V(t, x) 
is the water velocity, and g is the gravitation constant; see Example 8. 
The Jacobian matrix of the flux f has eigenvalues 


M=V-—VJed, à2 =V +vyg8gH 


and right eigenvectors 


This implies that the system (A.36) is strictly hyperbolic, provided H > 0. 
Moreover, 
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VA : VA : 
TL = >, 2°72 = 55 
2 2 


and so the characteristic fields are both genuinely nonlinear. 
Let us consider the Riemann problem for the Saint-Venant equations with initial 
data 
u(0, x) = oa or h w P 
u = (H ,V ), if x > 0. 


The equation ú = r; (u) gives the following rarefaction curves starting at u~: 


= [(H, V): V= -2/8 +2/gH-+v-, HSE}, 
R = | (H, V): V = 2/2H =O) gH + V7, H>H}. 


The Rankine—Hugoniot condition, instead, gives the shock curves Sı and S2 starting 
at u` , which are 


s= fov): V=V7 +2 V2 m- J2eVH+H-, nei], 


E 2/2g +/2g VH + H5, nen}. 


H- 
v H + H- 
The plots of the Lax curves are in Fig. A.11. The curves Rj, R2, S1, and S2 divide 
the (H, V) semi-plane (H > 0) into four regions A1, A2, A3, and A4; see Fig. A.11. 

If ut belongs to one of these curves, then the Riemann problem is solved by a 
single wave. If instead u* is sufficiently near to u~ and belongs to one of the regions 
Aj;, then the solution to the Riemann problem is given by two centered waves. More 
precisely, if u* € Aj, then the solution is given by a rarefaction wave of the first 
family and by a shock wave of the second family. If ut € Ao, then the solution is 
given by two rarefaction waves. If ut € A3, then the solution is given by two shock 
waves. If u* € A4, then the solution is given by a shock wave of the first family and 
by a rarefaction wave of the second family. 


Example 15 The Aw-Rascle-Zhang model for traffic in conservation form, see 


Example 6, is 


ðr p + dx (Y — pp(p)) = 9, 
dy + dx (30 = pplp))) = 
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Fig. A.11 The rarefaction and shock curves for the Saint-Venant equations starting from the point 
(H, V) 


where p = p(t, x) denotes the density of cars at time ¢ and at position x, p = p(p) 
is a pressure term, y = p(v + p(p)) is a generalized momentum, and v = v(t, x) 
is the average velocity of cars. In this example, we assume p(p) = pe”, for some 
y >0. 

The Jacobian matrix of the flux f has eigenvalues 


y 
ae EFU h2 = 


and right eigenvectors 


Note that, since 
Vai ri =y(y + lp”, VA2-12 = 0, 


the first characteristic field is genuinely nonlinear, while the second one is linearly 
degenerate. 

Let us consider the Riemann problem for the Aw—Rascle—Zhang model with 
initial data 


_ u` = (py); ifx <0, 
a ee eee ifx > 0. 
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Fig. A.12 The rarefaction 
and shock curves for the 
Aw-Rascle—Zhang model 
starting from the point 


(07, y) 


The equation ú = rı (u) gives the following rarefaction curve starting at u~: 


y — 
Ri =l»: v=o, peo}. 


The Rankine—Hugoniot condition, instead, gives the shock curve Sı and the contact 
discontinuity curve Sz starting at u`: 


y = 
si={ii v=o, p20}, 
y _ 
m= {0.91 y= Leto"! -oY p= oh. 


The plots of the Lax curves are in Fig. A.12. If ut belongs to one of these curves, 
then the Riemann problem is solved by a single wave. If instead u” is sufficiently 
near to u~ and does not belong to the Lax curves through u`, then the solution 
to the Riemann problem is given by two centered waves, one of the first family 
(rarefaction or shock wave) and one contact discontinuity. 


Example 16 The p-system, see Example 7, is given by 


3P + Oe = 0, 
h E (A.37) 


Org + dx (< P p(o)) =0, 
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where p > 0 is the density of the gas and q is the linear momentum density, i.e., 
q = pv, where v is the speed of the gas. The function p is the pressure and depends 
only on the density p. Assume that p is of class C? and 


P(p) > 0, p(p)>90, p"(p) =0 


for every p > 0. A typical example is the y-pressure law p(p) = kp” fork > 0 
and y > 1. The Jacobian matrix for the flux f is 


AU) 0 1 
NS t+ w'(e) 22 7 
which has the distinct eigenvalues 
q ETAN q ITTA 
Ài = p — p' (p), À2 = p + p'(p), 


and the corresponding right eigenfunctions 


_ p _ p 
n=(,_, "I G (iro 


This implies that the system (A.37) is strictly hyperbolic. Moreover, 


A A 
(p) (o) 
Vàr =— rope viray P O r 


2/p' 0) 2/P'(p) 


and so the characteristic fields are both genuinely nonlinear. 
Let us consider the Riemann problem for (A.37) with initial data 


u` = (p,q), ifx <0, 
ut =(pt,qt), if x > 0. 


u(0, x) = | 


The equations ù = r; (u) give the following rarefaction curves starting at u~: 


_ OO 
r= foo: ef PO ay, pse), 
= 


7 PO ee 
r= fog ia= +f PO ay, oe]. 
m 
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a A> 


Fig. A.13 The rarefaction and shock curves for the p-system (A.37) starting from the point 
~, q) 


The Rankine—Hugoniot condition, instead, gives the shock curves Sı and S2 starting 
atu : 


Sı = loo :4= a a (op — p-)(p(p) — pP(e7)), p= -| : 


pq 


s= {ion i4= [Ze p7) (p(o) — p(e-)), peo]. 


The situation is described in Fig. A.13. The curves R; and S; divide the (p, g)-plane 
into four regions A1, A2, A3, and A4. If ut belongs to one of these curves, then the 
Riemann problem is solved by a single wave. If instead u™ is sufficiently near to u~ 
and belongs to one of the regions A;, then the solution to the Riemann problem is 
given by two centered waves. More precisely, if w+ € Aj, then the solution is given 
by a rarefaction wave of the first family and by a shock wave of the second family. 
If ut € Ao, then the solution is given by two rarefaction waves. If ut € A3, then 
the solution is given by two shock waves. If u* € A4, then the solution is given by 
a shock wave of the first family and by a rarefaction wave of the second family. 


A.7 The Cauchy Problem 


Once the solution to Riemann problems is defined, one can construct the solution to 
a Cauchy problem, by using the wave-front tracking technique. 
To this aim, consider the Cauchy problem 
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(A.38) 


een ee 
u(0, -) = uo(-), 


where f : Q — R” is a smooth flux and up € L! (R; Q) NA BV (R; Q). 
We start considering the scalar case, while the system case, much more delicate, 
will be only sketched. 


A.7.1 Wave-Front Tracking for the Scalar Case 


Assume that the flux function f : R —> R is smooth and strictly convex or concave 
function. Choose a sequence of piecewise constant functions {up}, satisfying 


TV(up) < TV(uo), (A.39) 
loli» < luollte , (A.40) 

1 
[uo = uoga < y (A.41) 


for every v € N; see Fig. A.14. This is possible since uo € L! (R; R) N BV (R; R); 
see [51, Lemma 2.2]. 
Fix v € N. By (A.39), ug has a finite number of discontinuities, say xj < 
- < xy. For each i = 1,--- , N, we approximately solve the Riemann problem 
generated by the jump (uj (x;—), up (xi+)) with piecewise constant functions of 
the type Y (®©), where wy : R —> R. More precisely, if the Riemann problem 


t 
generated by (uj @i-), Up (xi+)) admits an exact solution containing a shock, then 


Fig. A.14 A piecewise constant approximation (in blue) of the initial datum u satisfying (A.40) 
and (A.41) 
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Fig. A.15 The wave-front tracking construction until the first time of interaction 


yY) is the exact solution, while if a rarefaction wave appears, then we split 


it in a centered rarefaction fan, containing a sequence of jumps of size at most i, 
travelling with a speed between the characteristic speeds of the states connected. In 
this way, we are able to construct an approximate solution u” (t, x) until a time fy, 
where at least two wave-fronts interact together; see Fig. A.15. 


Remark 21 Notice that it is possible to avoid that three of more wave-fronts interact 
at the same time slightly changing the speed of some wave-fronts. This may 
introduce a small error in the approximate solution with respect to the exact one. 


At time t = t1, u” (t1, -) is clearly a piecewise constant function. So we can repeat 
the previous construction until a second interaction time t = t) and so on. In order 
to prove that a wave-front tracking approximate solution exists for every t > 0, we 
need to estimate 


1. The number of waves 
2. The number of interactions between waves 
3. The total variation of the approximate solution 


The first two estimates are concerned with the possibility to construct a piecewise 
constant approximate solution. The third estimate, instead, is related to the conver- 
gence of the approximate solutions toward an exact solution. 


Remark 22 The two first bounds are nontrivial for the system case, and it is 
necessary to introduce simplified solutions to Riemann problems and/or non- 
physical waves. 


The next lemma shows that the number of interactions is finite. 


Lemma 13 The number of wave-fronts for the approximate solution u” is not 
increasing with respect to the time and so u” is defined for every t > 0. Moreover, 
the number of interactions between waves is bounded by the number of wave-fronts. 
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Fig. A.16 Interaction 
between two wave-fronts. The 
first one connects the states u; 
and um, while the second one Um 
connects um with u, 


Ul Ur 


Proof Consider two wave-fronts interacting together. The wave fronts can be: 


1. Two shocks 
2. Two rarefaction fronts 
3. A shock and a rarefaction front 


The speeds of waves imply that the case of two rarefaction fronts cannot happen. In 
fact, suppose that two rarefaction shocks interact together at a certain time. Denote 
with uw), Um, and u,, respectively, the left, middle, and right states as in Fig. A.16. 
Since these waves are rarefaction shocks, we have 


f ui) < f' (im) < fur), 


where f’(u) is the characteristic speed of state u. Therefore, the wave connecting u; 
to um has a speed less than or equal to the speed of the wave connecting um to ur, 
and the wave-fronts cannot interact. 

So the remaining possibilities are the following: 


1. Two shocks. In this case, it is clear that after the interaction, a single shock wave 
is created. So the number of waves decreases by 1. 

2. A shock and a rarefaction front. In this case, either a single shock wave is 
produced as in the previous possibility, or a single rarefaction shock is created. 
In fact, if the exact solution to the Riemann problem at the interaction time is 
given by a rarefaction wave, then the size of the rarefaction wave is less than or 
equal to the size of the rarefaction front, which is less than or equal to 1/v. This 
implies that the wave is split in a single rarefaction shock. Thus the number of 
waves decreases by 1. 


Therefore, we conclude that at each interaction the number of wave-fronts 
decreases at least by 1 and so the lemma is proved. o 


Lemma 14 The total variation of u” (t, -) is not increasing with respect to time. 
Therefore, for each t > Q, 


TV (u” (t, >) < TV (uo). (A.42) 


Proof Itis clear that the total variation may vary only at interaction times. 
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Consider an interaction of two wave-fronts at time f. Let us call by u;, um, and 
ur, respectively, the left, the middle, and the right states of the wave-fronts; see 


Fig. A.16. 
The interaction between the two waves produces a single wave connecting u 
with u,. The variation before tf = f due to the interacting waves is given by 


|uj — Um| + lüm —u,|, while the variation after t = f due to the wave produced 
is given by |u; — u, |. The triangular inequality implies that 


ju; — up| < |ui — Um| + lum — Ur | 


and so the proof is finished. o 
The following theorem holds. 


Theorem 42 Let f : R — R be a smooth strictly convex or strictly concave 
function and uo € L! (R; R) N BV (R; R). Then there exists an entropy admissible 
solution u(t, x) to the Cauchy problem (A.38), defined for every t > 0. Moreover, 


lult, Jll < luot) (A.43) 


for every t > 0. 


Proof For every v € N, construct a wave-front tracking approximate solution u” as 
before in this section. 
Clearly, we have 


Ju’ (t, x)| < |u” (0, x)| < lIuolln% (A.44) 
for every v € N, t > 0, and x € R. By Lemma 14, 
TV (u(t, -)) < TV (wo), (A.45) 


for every t > 0 and v e€ N. Finally, the maps t + u”(t,-) are uniformly 
Lipschitz continuous with values in L! (R; R). Therefore, by Helly’s theorem (see, 
for example, [51, Theorem 2.4]), we can extract a subsequence, denoted again 
by u(t, x), converging to some function u(t, x) in L!({0, +oo[xR;R). Since 
lu” (O, -) — uo(-)|lz,1 — O, then the initial condition clearly holds. 

It remains to prove that u(t, x) is a weak solution to the Cauchy problem (A.38) 
and that it is entropy admissible. To prove the first claim, fix T > 0 and an arbitrary 
C! function y with compact support in ] — 00, T[ xR. We need to prove that 


T 
f I (ud; Y + f(u)w) dx dt +f uo(x) (0, x) dx = 0. 
0 R R 


It is sufficient to prove that 
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v—>-+00 


T 
lim |f [rawr re, y) arar f wO DO dr |=0, (A.46) 
OJR R 


Fix v € N. At every t € [0, T], call xı (t) < --- < xy (t) the points where u” (t, -) 
has a jump and set 


Au” (t, xa) = Uu” (t, Xa+) — u” (t, Xa—), 


Af U” (t, Xa)) = f U” (t, Xa+)) — fU” (t, xa—)). 
The lines x, (t) divide [0, T] x R into a finite number of regions, say I j, where u” is 
constant. Applying the Divergence Theorem to the vector field (wu’, wf(u")) and 


splitting the integral (A.46) over the regions T j, we obtain that the integral (A.46) 
can be rewritten in the form 


T 
f YO [Ea 0) Au”, xa) — Af U” (t, Xa))] VCE, xa (t)) dt. (A.47) 


If xg is a shock wave, then 

ža (t) - Au” (t, Xa) — Af U” (t, Xa)) = 0, 
while if xy is a rarefaction wave, then 

ža (t) - Au” (t, Xa) — Af (U” (t, Xa) 

depends linearly on the L® distance between u”(0,-) and uo. Splitting the 
summation in (A.47) over waves of the same type, we deduce that the previous 
integral tends to 0 as v + +o0o, concluding that u(t, x) is a weak solution to the 
Cauchy problem. 


Fix now ņ a convex entropy with a corresponding entropy flux q. It remains to 
prove that 


T 
liminf f [tera y+ awa, y] dxdt > 0 
0 R 


v—> +00 


for every C! positive function y with compact support. Using again the Divergence 
Theorem as before, we need to prove that 


T 
timint f 5 [xa(t)An(u’(t, xa)) — Aqu” (t, xa))] Y, xa) dt > 0, 
0 a 


v—-+00 


where 
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An(u"(t, Xe) = nu" (t, Xa+)) — NUN (t, xXa—)), 
Aq u'(t, Xa) = qu" (t, Xa+)) — q (U” (t, Xa—)). 


Using the same estimates as in the previous case, we conclude. o 


A.7.2 The System Case 


For systems, the construction of wave-front tracking approximations is more 
complex, because more types of interactions may happen. In particular, the bounds 
on the number of waves, interactions, and BV norms are no more directly obtained. 

Let us start giving some total variation estimates for interaction of waves along a 
wave-front tracking approximation. These permit to illustrate the ideas for obtaining 
the needed bounds in the system case. The constants in the estimates depend on the 
total variation of the initial data, which is assumed to be sufficiently small. 

Consider a wave of the i-th family of strength o; interacting with a wave of the 
j-th family of strength oj, i # j, and indicate by o; (k € {1,...,n}) the strengths 
of the new waves produced by the interaction. Then, it holds 


loi -0il + lo; — oj] + D> lol < € love]. (A.48) 
k#i,j 


For the case i = j, let us indicate by 0;,; and o;,2 the strengths of the interacting 
waves, and then it holds 


07,1 + 07,2 — a; | + > loj] <C |oi,19%,2| 3 (A.49) 
ki 


One can now fix a parameter ô, and split rarefactions in rarefaction fans with 
fronts of strength at most 6,. Also, at each interaction time, one solves exactly the 
new Riemann problem, eventually splitting the rarefaction waves in rarefaction fans, 
only if the product of interacting waves is bigger than 6,. Otherwise, one solves the 
Riemann problem only with waves of the same families of the interacting ones, the 
error being transported along a non-physical wave, traveling at a speed bigger than 
all waves. In this way, it is possible to control the number of waves and interactions, 
and then let ô, go to zero. For details, see [51, Lemma 7.2]. 

Consider now a wave-front tracking approximate solution u”, and let x(t), of 
family ig and strength oy, indicate the discontinuities of u” (t). We say that two 
discontinuities are interacting if xy < xg and either ig > ig or ig = ig and at least 
one of the two waves is a shock. We define the Glimm functional computed at u” (t) 
as 


Y(u"(t)) = TV"(t)) + C1 QU” O), 
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where C; is a constant to be chosen suitably and 


QU”) = Yo |oaog], 
where the sum is over interacting waves. One can easily prove that the functional Y 
is equivalent to the functional measuring the total variation. Clearly, such functional 
changes only at interaction times. Using the interaction estimates (A.48) and (A.49), 
at an interaction time f, we get 


|TV u” +) — TVu” @—))| < C loi; 


QU” (t+)) — Olu” @-)) < —C1 |oioj| + C |oioj| TVU” @-)). 
Therefore, 
Y u” E) — Yu"(F-)) < loro, | [C — C1 + CTV(u"G@—))]. 
On the other side, for every t, 
TV(u"(t)) < Yu"). 
Then, choosing Cı > C and assuming that TV (u” (0)) is sufficiently small, one has 


that Y is decreasing along a wave-front tracking approximate solution and so the 
total variation is controlled. 


A.8 Boundary Conditions for Scalar Conservation Laws 


Here we describe briefly the problem of boundary conditions for conservation laws. 
We focus the attention on the following problem: 


ðu + 0, f(u) = 0, t > 0, x € (a,b), 
u(t, a) = Ug(t), t>0, 

u(t, b) = up(t), t>0, 

u(0, x) = uo(x), x € (a,b), 


(A.50) 


where a < b, the unknown u is defined on [0, +20[x]a, b[ with values on R, the 
flux f : R — R is a smooth function, ua and up are the left and right boundary 
conditions, and uo is the initial data. The case with a single boundary can be treated 
in a similar way. First note that boundary conditions cannot be always interpreted 
in the classical sense. The next examples show different roles played by boundary 
conditions. 
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Example 17 Consider the following boundary value problem for the transport 
equation: 


ðr u — ðy u = 0, t>0,x>0, 
u(t,0)= 1, t >0, (A.51) 
u(0, x) = 0, x >0. 


By the method of characteristics, the solution to the conservation law 0; u—0, u = 0, 
with the initial condition u(0, -) = 0, is the function u(t, x) = 0 for every t > 0 and 
x > 0. In this case, the boundary condition u(t, 0) = 1 in (A.51) cannot be attained, 
and it plays no role in the construction of the solution. 


Example 18 Consider the following boundary value problem for the transport 


equation: 


ð, u + 0,u = 0, t>0,x>0, 
u(t,0) = 1, t>0, (A.52) 
u(0, x) = 0, x >0. 


By the method of characteristics, the solution to the problem (A.52) is 


1, iff >0,0<x <t, 
0, otherwise. 


u(t, x) = | 


In this case, the boundary condition u(t, 0) = 1 in (A.52) is attained for every t > 0. 


Boundary conditions for conservation laws have to be interpreted in a weak 
sense. Various formulations are present in the literature; see, for example, [29, 123, 
212]. Following [29], we give the following definition of solution to (A.50). 


Definition 47 A function 


u : C° (to, +oo[; L! (Ja, bl; R)) 


such that u(t) has finite total variation for every t > 0 is a weak entropy admissible 
solution to the initial-boundary value problem (A.50) if the following conditions 
hold: 


1. For every C! function y > 0 with compact support in ]0, +o0[x]a, b[ and for 
every entropy—entropy flux pair (7, q), it holds 


+œ prb 
f / (nu); Y + q(u)dx Y) dx dt > 0. (A.53) 
0 a 


2. The limit 
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lim |lu(t, -) — uol =0 A.54 
Aas lult, -) — voIILIqa,ep (A.54) 


holds. 
3. The weak boundary condition at x = a 


max sgn (u(t,a+) — ua(t)) [f u(t, a+)) — f(k)] = 0 (A.55) 
ke[a(t),B(t)] 


holds for a.e. t > 0, where 
a(t) =min{u(t,at+), ua(t)} , B(t) = max {u(t, a+), ua(t)}, 


and u(t, a+) denotes the right trace at x = a of u(t, -). 
4. The weak boundary condition at x = b 


ae sgn (u(t, b—) — ua (t)) [f ut, b—)) — f(K)] = 0 (A.56) 


holds for a.e. t > 0, where 
y(t) = min {u(t, b—), up(t)}, ô(t) = max {u(t, b—), up(t)}, 


and u(t, b—) denotes the left trace at x = b of u(t, -). 


A.8.1 The Left Boundary Condition for the Riemann Problem 


We describe in detail the solution to the following boundary value: problem 


dru + 0x f(u) = 0, t>0,x > 0, 
u(t,0) =u, t > 0, (A.57) 
u(O, x) = uo, x >0, 


where u € [0, 1], Z, uo € [0, 1] are constants, and f : [0,1] —> R is a C? strictly 
concave function satisfying f(0) = f(1) = 0. Denote by ø €]0, 1[ the point of 
maximum for f and by u € [0, 1] the right trace at x = O of a solution to (A.57) 
according to Definition 47. We finally denote 


a = min {u, ü}, B = max {u, u}. 


Since u denotes the right trace at x = 0 of a solution to (A.57), we may suppose 
that the classical Riemann problem 
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dru + 0x f(u) = 0, t>0,x ER, 
u(0, x)= ü, x <0, 
u(0, x) = uo, x>0 


is solved with waves with non-negative speed, i.e., 


either u = uo, 
or u < uo and f(u) < f(uo), 
or ug <ü <o. 


We deduce now the relations between the trace u and the boundary datum i, 
so that condition (A.55) is satisfied. Assume first that 1 < øo. We have different 
possibilities. 


1. u < ü. In this case, we deduce that 


max sgn(u—u)[f u) — f] = 2 [f (k) — f w)] 


kela, g] 
= fü) — fü) > 0. 


So condition (A.55) is not satisfied, i.e., this case does not happen. 
2. u = u. In this case, we deduce that 


m (u — ü) [f (ü) — f(k)] = Ra [f (k) — f (u)] = 0. 


kela, 


Hence condition (A.55) holds. 
3. u < ū < o. In this case, we deduce that 


oes Ae a fk] = boa [f u) — f(k)] 


ke[a 
= fü) — fü) > 0. 


So condition (A.55) is not satisfied, i.e., this case does not happen. 
4. u <o < ü. In this case, we deduce that 


max sgn (u —u)[f (4) — f] = es Lf) — fk] 


kela, g] 
_|f/M—-f@>0, if f@ < fw, 
0, otherwise. 
Hence condition (A.55) is satisfied only if f(u) > f(u). 
Consider now the case u > øo. We have different possibilities. 


1. u <o < ü. In this case, we deduce that 
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oe (u—u)[f u) — fi] = a. [f (k) — f w)] 


= fo) — f(u) > 0. 


So condition (A.55) is not satisfied, i.e., this case does not happen. 
2. 0 <u < ü. In this case, we deduce that 


max sen G- D S @ — FD] = max [7 — f @1= 0. 


Hence condition (A.55) is satisfied. 
3. u = ü. In this case, we deduce that 


hax sani -DIS O — FO] = 
Ela 

Hence condition (A.55) is satisfied. 
4. u < ü. In this case, we deduce that 


Table A.1 Relations between the boundary datum ñ and the admissible traces u of a solution 
to (A.57) satisfying cor condition A a of Definition 47 


Boundary datum i E | Traces ii ii satisfying (A. 55) O 

teo o = =- — either di been 6 md WAW 

ise [ize 

ù 

A 
1 
1 
2 


S&I 


ble 
Nie 


Fig. A.17 Relations between the boundary datum and the trace of a solution in the case of f (u) = 


u(1 — u). The admissible regions are colored in red. Left: relations described in Table A.1. Right: 
relations described in Table A.2 
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man sgn (u — ü) [f u) — f] = un [f (u) — f(k)] = 0. 


kel 


Hence condition (A.55) is satisfied. 


We summarize all the previous results in Table A.1 and in Fig. A.17, left. 


A.8.2 The Right Boundary Condition for the Riemann Problem 


Similar to Sect. A.8.1, we briefly describe the solution to the following boundary 
value problem: 


ðu + 0, f(u) = 0, t>0,x<0, 
u(t, 0) = ñ, t >0, (A.58) 
u(0, x) = uo, x <0, 


where u € [0, 1], č, uo € [0, 1] are constants, and f : [0,1] —> R is a C? strictly 
concave function satisfying f(0) = f(1) = 0. Denote by ø €]0, 1[ the point of 
maximum for f and by u € [0, 1] the left trace at x = 0 of a solution to (A.58), and 
define y = min {u, u}, ô = max {u, ù}. 

We deduce now the relations between the trace u and the boundary datum &, so 
that condition (A.56) of Definition 47 is satisfied. Assume first that 7 < o. We have 
different possibilities. 


1. u < ü. In this case, we deduce that 


min sgn (u —u)[f (ü) — f(k)] = on [f(k) — fwl= 


ke[y,6] 


Hence condition (A.56) holds. 
2. u <u < o. In this case, we deduce that 


min sgn (u — ü) [f (ü) — f(k)] = am [f u) — f(k)] = 
ke[y,ô] 


Hence condition (A.56) holds. 
3. u <o < uü. In this case, we deduce that 


„min sgn (ü — a) [f (© — fi] = DA [f @) — f(k)] 
ely.5] 
= f(a) — f (o) <0. 


Hence condition (A.56) does not hold. 


Consider now the case u > ø. We have different possibilities. 
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1. ü <ø <u. In this case, we deduce that 


min sgn (u —u)[f (u) — f(k)] = pee Lf(k) — f w)] 


ke[y,6] 
: P if f(a) < fü), 
| f@-f@, if fŒ > fü). 


So condition (A.56) is satisfied only if f (u) < f (ù). 
2. 0o <u < ü. In this case, we deduce that 


min sgn (u — ü) [f (ü) — f(k)] = a [f (k) — f w)] 


kely,6] 
= fi) — fü) <0. 


Hence condition (A.56) does not hold. 
3. u = ü. In this case, we deduce that 


min sen (i — a) Lf @) — f0] = 
kely,6 


Hence condition (A.56) is satisfied. 
4. u < u. In this case, we deduce that 


min sgn (u — ü) [f (ü) — Ol = [f (u) — fk)] 


kely,ô] 
= fü) — fü) <0. 


Hence condition (A.56) is not satisfied. 


We summarize all the previous results in Table A.2 and in Fig. A.17, right. 


Table A.2 Relations between the boundary datum & and the admissible traces u of a solution 
to (A.57) satisfying condition (A.56) of Definition 47 


Boundary datum u Traces u satisfying (A.56) 


ü <o ü <o 


u>o | either vu =u or ü < o and f(u) < flu) 


Appendix B 
Models for Vehicular Traffic and 
Conservation Laws on Networks 


In this appendix, we provide various results for hyperbolic conservation laws on 
networks. We first start with our key example of vehicular traffic and then turn to 
other possible applications. 

The development of models for vehicular traffic on networks started with the 
pioneering work of Holden and Risebro [178] in 1995. After around a decade, a 
renewed interest gave rise to many models, see Chitour and Piccoli [70], Coclite 
et al. [76], Garavello and Piccoli [141, 142], Herty et al. [175, 177], Holden and 
Risebro [178], and Lebacque and Khoshyaran [207]. The same models were used for 
other applications such as telecommunication networks (see D’ Apice et al. [108]), 
gas pipelines networks (see Banda et al. [26] and Colombo and Garavello [77]), and 
supply chains (see Armbruster et al. [20], D’ Apice and Manzo [107], and Gottlich 
et al. [156]). 


B.1 Lighthill-Whitham-Richard Model for vehicular Traffic 
on Networks 


The most well-known macroscopic model for traffic flow, the celebrated Lighthill— 
Whitham-Richard (briefly LWR), consists of a single conservation law. One first 
starts from the conservation of vehicles written as 


d f” 
<f E ete ere 
t x1 


where xı and x2 are two locations on a stretch of road, u is the car density, and f 
represents the flux. In other words, the time variation in the amount of cars between 
xı and x2 is given by the difference between the incoming flux at xı and the outgoing 
flux at x2. Recalling that f = f(u, v) = uv, where v is the average speed, and 
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differentiating, we get 
dru + 0x f(u, v) = 0. (B.1) 


Equation (B.1) does not provide self-contained mathematical model, since it 
depends on two variables u and v. To overcome this difficulty, the LWR model 
assumed that v can be expressed as a function of u, thus obtaining a closed system: 


oru + 0, f (u) = 0, (B.2) 


where u = u(t, x) € [0, Umax], With Umax being the maximum density of cars on 
the road. 

The usual assumptions on the functions v = v(u) and f = f(u) = u v(u) are the 
following: 


1. v is decreasing. 

2. f is monotonically increasing on an interval [0, o], o €]0, Umax[, and decreasing 
on [0, Umax]. 

3. o is the unique maximum point of f. 

4. f is concave. 


On the interval [0, o], the traffic is said to be in free flow, while above o the traffic 
is said to be in congested flow. 
We define the following: 


Definition 48 Let t : [0, Umax] —> [0, Umax] be the map such that f (t (u)) = 
f (u) for every u € [0, Umax] and t (u) Æ u for every u € [0, Umax] \{o}. 


We are now ready to describe a model for LWR on a network. A network is 
a topological graph given by a couple (Z, 7), where Z = {J;:i=1,---, N}isa 
finite set of intervals parameterizing roads, and 7 is a finite set vertices representing 
junctions. We assume that on each J; the evolution of car density is given by an 
LWR model (B.2), and thus the dynamics is specified if at junctions the evolution is 
uniquely determined. 

It is easy to check that the conservation of cars through the junctions is not 
sufficient to isolate a unique solution, as first observed by Holden and Risebro [178]. 
The authors used the maximization of a functional at vertexes to get uniqueness of 
solutions, and then many alternative ideas were proposed (see [142] for a complete 
account). In order to implement such ideas, we first define the Riemann problem 
(RP) at a junction J, which is a Cauchy problem with initial data constant on each 
road incident at the junction. One can see that the evolution of traffic load on the 
whole network is assigned once one prescribes a Riemann solver at each junction, 
i.e., a map assigning a solution with every Riemann problem at the junction. Given 
initial conditions (u;,0, u j,o), where i runs on incoming roads and j on outgoing 
ones, density values (@;, tj) are assigned so that the solution on the incoming road 
i is given by a single wave (u; 0, #;) and on the outgoing road j by the single wave 
(Wj, ujo). 
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Let us first detail the concept of solution on a network. First, we assume that 
on each road (B.2) is satisfied in weak sense, that is, for every test function g = 
g(t, x): Rt x I; > RF, it holds 


+00 b; 
i dp dg 

pete )—) dx dt = 0, 
Í [ (u at + Fane) 


where J; = [a;, bi] and u; is the car density on J;. One further considers entropy 
conditions. 

A solution at a junction J is defined as follows. Assume there are n incoming roads, 
say l1, ..., In, and m outgoing ones, say In+1, ..-, In+m, and then a solution is a 
collection of functions u1, ++- , Un+m such that 


` +œ phy ag 
> [ (u + flu wy) dx a =0 (B.3) 


for every set of test functions g smoothly connected at the junction, i.e., such that 


dpi IQ; 
Qil, bi) = gj, aj), F C bi) = EPA aj) 
foralli = 1, ..., nandall j =n+1, ..., n+m. A consequence of such definition 
is the following equality: 
n+m 


S jü Gena >) fujt, a), 


isl j=n+1 


which implies the conservation of cars through the junction. We are now ready to 
detail the approaches to isolate a unique solution at the junction. 

Recall that a Riemann problem for a conservation law on a real line consists of 
a Cauchy problem with Heaviside-type initial data, usually assumed to be constant 
to the left and right of the origin. See Sect. A.6 for a complete description. Self- 
similar solutions consist of shocks and rarefactions and solutions to general Cauchy 
problems are constructed via wave-front tracking using Riemann problems as 
building blocks, see Sect. A.7.1. The map associating a solution to every Heaviside- 
type initial datum is referred to as Riemann solver. Following the same logic, a 
Riemann problem at a junction is a Cauchy problem with constant initial data on 
every road, the junction representing the discontinuity point. Then, a Riemann solver 
at a junction J is defined as follows: 


Definition 49 A Riemann solver (RS) at J is a mapping associating with every 
initial datum uo = (u0,1, --., UOntm) € R”™™ a vector û = (û1, ..., tintm) € 
R"t™ such that: 
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(i) On every incoming road J;, the solution is that of the Riemann problem 
(uo,i, Wi). 

Gi) On every outgoing road J;, the solution is that of the Riemann problem 
(aj, uo, j). 


The Riemann solver must satisfy the consistency condition RS(RS(uo)) = RS(uo). 


To have a well-defined solution and conserve the number of cars through the 
junction, we further impose the following: 


(H1) The waves generated from the junction must have negative speeds on the 
incoming arcs and positive speeds on the outgoing ones. 

(H2) The solution to a Riemann problem at a vertex must satisfy Eq. (B.3). 

(H3) The mapping uo > f (ui) is continuous for every / = 1, ---, n+ m. 


(H1) ensured conservation of cars, while (H2) is necessary to define a weak solution 
at the junction. 

If we assign a Riemann solver at every junction J, then a solution on the whole 
network will be a solution u to the conservation law on every road and such that 


RS(uj(t)) = us), 


where u 7 (t) = (u(t, bi), Eag un(t, b,), Un+ilt, aj), a Un+m(t, apiy)) = 
Ret, 


B.2 Dynamics at Simple Junctions 


Various approaches were proposed in the literature to define Riemann Solvers at 
junctions. Most of them are based on the following rules: 


(A) Traffic distribution coefficients œj; €]0, 1[ represent the percentage of traffic 
moving from incoming road i to outgoing road j. Such coefficients can be 
organized in a traffic distribution matrix: 


= t mxn 
A= { iher SNE n+m, i=1,...,n eR 
A is row stochastic, i.e., for every i = 1,--- ,n, 
n+m 
5 æji = 1. 
j=ntl 


(B) Drivers behave so as to maximize the flux through the junction, while distribut- 
ing according to rule (A). 
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Ifn > m, that is, if there are more incoming than outgoing roads, then an additional 
rule is needed: 


(C) There is a priority vector (p1, ..., Pn) assigning the percentage of traffic 
through the junction from each road. For instance, if there are two incoming 
roads a and b and one outgoing road c and Q is the amount of cars going 
through the junction, then pı Q comes from a and p2Q = (1 — pı) Q from b. 


Following rules (A), (B), and (C), we can uniquely define a Riemann solver as 
follows. First, we will define the solution by assigning an Initial-Boundary Value 
Problem (IBVP) on each road. These IBVPs will be designed so that the boundary 
value would be attained by the solution; otherwise, we may violate conservation 
of cars through the junction. This is achieved by imposing admissible values on 
each road generating waves with negative speed on incoming roads and positive on 
outgoing ones, see also [142] for an extensive discussion. Such restriction has the 
advantage of allowing to define only the flow through the junction, being the values 
of the densities automatically determined by the admissibility condition on waves’ 
speed sign. We explain this fact below in detail for the case of simple junctions, but 
first we start proving it for the general case. 

The achievable flow on each road is described by the following: 

Proposition 13 Let (u1,0, U2,0,---, Un+m,0) be the initial densities of an RP at J 
and y/"™, i =1,...,n, and vi, j=n+1,...,n +m, be the maximum fluxes 
that can be obtained on incoming roads and outgoing roads, respectively. Then, 


max f (uio), ifuio € [0,0], : 
max — ? eee i=l,---,n, B4 
á la if uio € J0, Umax), ee) 
mo fuat Dole ne lee gacem: (B.5) 


f (uj.0) , if ujo € Jo, Umax], 


In particular, densities can be reconstructed by flows at the junction. 


Proof We focus on incoming road, being the outgoing case similar. Fix an incoming 
road i, and let t; be the trace at the junction given by the Riemann solver and 
(ui. iii) the corresponding wave with negative speed. If u;oọ € [0,0], then T; € 
{uj,o}U]t (ui) ; 1]. Thus either there is no wave, if ù; = u;i o, or the wave is a shock 
with negative speed, see Fig. B.1 (left), which would lower the flux. Therefore the 
maximal flux is given by f (u;i o). Notice also that for every flux value in [0, f (u;,0)], 
there exists a unique T. 

If, instead, u;o € [0,1], then Ù; € [o, 1]. The generated wave (u; o, ij) is a 
rarefaction or a shock with negative speed, see Fig. B.1 (right). Then every flux 
can be achieved, i.e., all of the interval [0, f (o)] and, again, there exists a unique 
admissible value of t; for each flux value. 

The analysis for outgoing roads is similar, see Fig. B.2. o 
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Fig. B.2 Images of Riemann Solvers for the outgoing road 


Proposition 13 allows to restate rules (A), (B), and (C) as a linear programming 


problem in terms of the incoming fluxes 7; = f(u;). Indeed, rule (A) allows to 
determine the outgoing fluxes 7; = f(#;) in terms of the incoming ones. Then 


rule (B) provides a linear functional in the fluxes 7 to be maximized. The constraints 
are given by the formulas (B.4) and (B.5). Rule (C) allows to choose a unique 
solution to the linear programming problem in case of more incoming than outgoing 
roads. 

In the following sections, we will explicitly solve the Riemann problems in the 
following cases: junctions of type 2 x 1 (two incoming roads and one outgoing road), 
junctions of type | x 2 (one incoming road and two outgoing roads), and junctions 
of type 2 x 2 (two incoming roads and two outgoing roads). We refer the reader 
to [142] for a complete description of the general case. 


B.2.1 Two Incoming and One Outgoing Roads 
Assume to have two incoming roads a and b and one outgoing road c. For constant 
initial data (ua,o, ub,0, uc,0), the solution is defined as follows. Define 


max max } 
ti 


Pe = min {ya + v4", ve 
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max 


ae 


max 


a 


Fig. B.3 The possible different cases described in Sect. B.2.1 


max 


where y/""*, i = a, b, is defined as in (B.4) and y/" as in (B.5). The quantity Pe 
is the maximal flux through the junction, thus respecting rule (B). For rule (A), the 
traffic distribution matrix is simply the vector (1, 1) and no restriction is imposed. 
In the space of incoming fluxes (ya, yp) define a line by 


l-q 
q 


Yb = Ya. (B.6) 


Such a line reflects rule (C), and we set P to be the point of intersection of the 
line (B.6) with the maximal flux line ya + yp = Yz. If the point P belongs to the 
admissible region Q = fva, Yb): 0 < yi < y™, 0 < Ya +Y L %, i=a, b}, 
then P is the solution; see Fig. B.3, left. Otherwise, we set (Pa, Yp) = Q, where Q 
is the point of Q N {(Va, yb) : Ya + yb = Ye} closest to the line (B.6), see Fig. B.3, 
right. Given the fluxes, the densities are determined uniquely. The construction is 


summarized in the following: 


Proposition 14 Consider a junction J with n = 2 incoming roads and m = 
1 outgoing road. For every ua,0, Ub,0,Uc,o € [0,Umax], there exists a unique 
admissible weak solution u = (Ug, Up, Uc) at the junction J, satisfying rules (A), 
(B), and (C), such that 


Ug (0, -) = Ua, up (0, -) = ub,0, uc (0, -) = Uc. 
Moreover, there exists a unique 3-tuple (tig, üp, Mc) € [0, Umax]° such that 


Te oe (uio), Umax], if0<uio < Ø, Sab: 


[0, Umax], ifo < Uio S Umax; 


and 


~ eee f0<uco <O, 
fuco} U [0, T (uco) > fox Uc,0 S Umax» 
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and fori € {a, b}, the solution is given by the wave (uio, Ti), while for the outgoing 
road, the solution is given by the wave (Te, Uc,0): 


B.2.2 One Incoming and Two Outgoing Roads 


Let us now consider the junction with the incoming road a and two outgoing roads 
b and c. The distribution matrix A, of rule (A), takes the form 


base) 


where œ € ]0, 1[ and (1 — œ) indicate the percentage of cars which, from road a, 
goes to roads b and c, respectively. Thanks to rule (B), the solution to an RP is 


Y= (Yas Vos Ye) = Vas Pa, ad — a) Pa), 


where 


max max 

Sa ; Yp Y 

Ya = min | gees i 
a l-a 


Once we have obtained p}, Yp, and Fù, it is possible to find in a unique way w;, i € 
{a, b, c}, reasoning as in the proof of Proposition 14. Then we obtain the following: 


Proposition 15 Consider a junction J with n = 1 incoming road and m = 2 
outgoing roads. For every Uao,Upo,Uco €E [0,Umax], there exists a unique 
admissible weak solution u = (Ug,p,Uc) at the junction J, respecting rules (A) 
and (B), such that 


Ua (0, -) = Ua,0, up (0, -) = Uub,0, Uc (0, ) = Uc,0- 
Moreover, there exists a unique 3-tuple (tig, üp, Mc) € [0, Umax]° such that 


T E€ | {wa,o} U |r (ua,0) >, ize] » FfO<uao <O, 
[0, Umax], if o < Ua,0 S Umax, 


and 


aye [ek if0 < ujo <9, j=b,c, 


fujo} U[0,t(ujo)[, ifo < ujo < Umax, 
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and for the incoming road, the solution is given by the wave (ua,0, Ta), while for 
j = b,c, the solution is given by the wave (aj, ujo). 


B.2.3 Two Incoming and Two Outgoing Roads 


Let us now consider the junction with two incoming roads a and b and two outgoing 
roads c and d. The distribution matrix A, of rule (A), takes the form 


Bat a 3) On 


where a, 6 € JO, 1[. We assume that a 4 f; otherwise, we may have more than one 
solution to the linear programming problem, see [142] for details. 
First notice that constraints from outgoing roads fluxes can be expressed as 


APa + Psy", (A —a)Pa +1 — B) < yj. 


Define P = (y1, y2) to be the point of intersection of the two lines: 


max 


ayı + by = y~, (A-a) +- pn = yr. 


To express the solution, we need to distinguish some cases: 


Case a). Ify < yj” and y2 < y;”*, then the solution is given by 
Pa =y, =y. 


Case b). If y > yj” and y2 > yp'®™, then the solution is given by 


Va = ye, Vb = Mes 
Casec). Assume y > yj"* and y2 < y;"“*. Ifa < P (thus 1— £ < 1—q), then 
the constraint given by outgoing road c is more stringent than that of outgoing 
road d, and thus the solution is given by 


rs max 


= . yray — aya 
Va = Va Yo = min | i eE 


> /b 
B 
Otherwise, i.e., if œ > £, then the solution is given by 


ri max 


Ya = Va ’ P= min 


yrs = ayer Pe 
1 _ B ’ Yb © 
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Cased). Assume yı < yj” and y2 > y;"“". Ifa > £ (thus 1— £ > 1—aq), then 
the constraint given by outgoing road c is more stringent than that of outgoing 
road d, and thus the solution is given by 


max max 
a m —BY oe 
Ya = min | S ao e a 


Otherwise, i.e., if œ < £, then the solution is given by 


~ : oo = qd = Pyp a 


Ya = min = Ve 


B.3 Constructing Solutions on a Network 


In this section, we describe a general approach to construct solutions on networks. 
The scalar case was extensively studied and there are general results, while results 
for the systems case are available only in special cases. 

Cauchy problems on a network are defined once initial data on each road are 
specified: uy = (W1,.0,---,uN,0), Where ujio : l > R? is a measurable and 
bounded function. In some cases, entering edges to the network are given, and then 
boundary conditions must be assigned. 

A solution to the Cauchy problem on a network is an N vector-valued functions 
uj =uj(t, x): R4 x I> R? such that: 


(i) th |lu;(t, Dh _is continuous for each i = 1, --- , N. 
(ii) u; is a weak entropic solution to (B.2) on Jj. 
(iii) At each junction, incoming and outgoing densities u; give an admissible 
solution as specified in Sects. B.1 and B.2. 
(iv) uj(O, x) = ui o(x) for almost every x € Jj. 


Solutions can be constructed via wave-front tracking algorithm extended to the 
network case and consist of the following steps: 


1. Approximate initial data with piecewise constant functions. Then, use wave- 
front tracking algorithm solving classical Riemann problems within roads and 
Riemann problems at junctions. At each interaction time, solve a new Riemann 
problem. 

2. Estimate the number of waves to allow the construction for any time and the total 
variation of solution for compactness. 

3. Using compactness properties, pass to the limit in approximations and prove the 
limit is a solution. 


Notice that the number of waves may increase due to interactions with junctions, 
and thus suitable functionals must be used (see [139, 141, 142] ). On the other side, 
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due to finite speed of propagation of waves, the total variation estimates on the flux 
can be done separately for each junction. 


Theorem 43 For each junction J of the network, consider the network with only J 
and incident roads prolonged to infinity. If there exists C > 0 such that for every 
uo = (41,0, ++- , UN,0) with bounded total variation we have 


TV (f(u@))) < C- TV (f(uo)), 


then the total variation is bounded on the entire network (with a time-dependent 
constant C; > 0.) 


Once the estimate is available for the fluxes, still one has to deduce the same 
estimate for the densities u,,. General results are available for the scalar case and are 
based on controlling the number of waves crossing the maximum of the flux called 
big shocks. The general strategy works as follows. Define the following: 


Definition 50 A wave (u; , u;) on road J; is a big shock if u; < uj and 
sgn (u; —o)-sgn (uF —o) <0. 


Definition 51 Given a junction J and an incoming arc J;, u;(t, bi—) is called good 
datum at time t > 0 if u;(t,b;—) € [o, Umax] and bad datum otherwise. For an 
outgoing arc /;, u;(t, aj+) is a good datum at time t > 0 if 


uj(t, aj+) € [0, c] 


and a bad datum otherwise. 
Then, we have the following lemma: 


Lemma 15 [fan arc I; incident to a junction J has a good datum, then the datum 
remains good and no big shocks emerge from J until a wave interacts with J from 
I. If I; has a bad datum, then at an interaction time either no wave is produced on 
I; or a big shock is produced on I; and the new density is a good datum. 


Lemma 15 allows to limit the number of big shocks on every road, and thus the flux 
ut> f(u) can be inverted and total variation estimates on u hold true. We refer the 
reader to [139, 142] for details. We also refer the reader to Sect. 3.2 for details on 
Riemann solvers at junctions which guarantee existence of solutions. 
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